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We give a detailed review of construction of conserved quantities in extended theories of
gravity for asymptotically maximally symmetric spacetimes and carry out explicit compu-
tations for various solutions. Our construction is based on the Killing charge method, and
a proper discussion of the conserved charges of extended gravity theories with this method
requires studying the corresponding charges in Einstein’s theory with or without a cosmo-
logical constant. Hence we study the ADM charges (in the asymptotically flat case but in
generic viable coordinates), the AD charges (in generic Einstein spaces, including the anti-de
Sitter spacetimes) and the ADT charges in anti-de Sitter spacetimes. We also discuss the
conformal properties and the behavior of these charges under large gauge transformations
as well as the linearization instability issue which explains the vanishing charge problem for
some particular extended theories. We devote a long discussion to the quasi-local and off-
shell generalization of conserved charges in the 2+1 dimensional Chern-Simons like theories
and suggest their possible relevance to the entropy of black holes.
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I. READING GUIDE AND CONVENTIONS
This review is naturally divided into two parts: In Part I, we discuss global conserved charges
for generic modified or extended gravity theories. Global here refers to the fact that the integrals
defining the charges are on a spacelike surface on the boundary of the space. In Part II, we discuss
quasi-local and off-shell conserved charges; particularly, for 2+1 dimensional gravity theories with
Chern-Simons like actions. In what follows, the meaning of these concepts will be elaborated. Here,
let us briefly denote our conventions of the signature of the metric and the Riemann curvature:
We use the mostly plus signature with g = diag(−,+, ...,+) and take the Riemann tensor to be
defined as
[∇µ,∇ν ]V ρ = R ρµν σV σ, (1)
and the Ricci tensor is defined as
Rµν = Rρµρν , (2)
while the scalar curvature is
R = Rµµ. (3)
Part I
GLOBAL CONSERVED CHARGES
II. INTRODUCTION
The first “casualty of gravity” is Noether’s theorem [1], well at least for the case of rigid
spacetime symmetries and their corresponding conserved charges. The “Equivalence Principle”
in any form is both a blessing and a curse: it makes gravity locally trivial (essentially a coordinate
effect in the extreme limit of going to a point-like lab) but then it also, for the same reason,
makes it hard to find local observables in gravity. In fact all the observables must be global.
To heuristically understand this, as an example, consider the energy momentum density of the
gravitational field: Being a bosonic (spin-2) field, its kinetic energy density is expected to be of the
form K ∼ ∂g∂g which makes no covariant sense as it can be set to zero in a locally inertial frame
(or in Riemann normal coordinates). This state of affairs of course affects both the classical gravity
and the would-be quantum gravity. The first thing one wants to know and compute in any theory
are the “observables” and it turns out generically, a spacetime has no observables and it would not
make sense to construct classical and quantum theories for those spacetimes. For example, in a
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5spacetime such as the de Sitter spacetime which does not have a global timelike Killing vector or
an asymptotic spatial infinity, defining a global conserved positive energy is not possible [2].
In the absence of a tensorial quantity that can represent local gravitational energy-mass, mo-
mentum etc, one necessarily resorts to new ideas; two of which are quasilocal expressions that try
to capture gravitational quantities contained in a finite region of space or the global expressions
that are assigned to the totality of spacetime. Both of these involve integrations over some regions
of space, and they are not tensorial. But, that does not mean that they are physically irrelevant.
On the contrary, they are designed to answer physical questions such as what is the mass of a
black hole or how much energy is radiated if two black holes merge as in the recent observations
by the LIGO detectors, of course with the assumption that these systems can be isolated from
the rest of the Universe? Especially, global expressions that we shall discuss, the Arnowitt-Deser-
Misner (ADM) [3] and the Abbott-Deser (AD) conserved charges [4], and their generalizations to
higher derivative models the Abbott-Deser-Tekin (ADT) conserved charges [5, 6] are well-defined
for asymptotically flat and anti-de Sitter spaces, given the proper decay conditions on the metric
and the extrinsic curvature of the Cauchy surface.
The celebrated ADM mass assigned to an asymptotically flat manifold exactly coincides with
our expectation of an isolated gravitational system’s mass, such as the mass of a black hole. It
also turns out that the ADM mass is a geometric invariant of an asymptotically flat Riemannian
manifold as long as the proper decay conditions are satisfied [7]. It is interesting to note that
the ADM mass of an asymptotically flat manifold also became an important part of differential
geometry and it took a long time by differential geometers to prove the positiveness of this quantity
(under certain assumptions) as was expected to be positive from the physical arguments such as
the stability of the Minkowski spacetime, or supergravity arguments which require the Hamiltonian
to be positive definite. An account of these discussions as well as a review of the conserved charges
in Einstein’s theory can be found in the relevant chapters of the book [8].
After the series of ADM papers, whose results were summarized in [3] a great deal of effort
was devoted to better understand the Hamiltonian structure of gravity theories. The literature is
too great to do any justice here; but several works stand out which we now briefly note: Regge
and Teitelboim [9] realized that the Hamiltonian of general relativity on a space with a boundary
does not have well-defined functional derivatives; therefore, Hamilton’s equations for the phase
space fields are not equal to the Euler-Lagrange equations. Their detailed analysis shows that
the remedy is to add a boundary term, and that boundary term is exactly the ADM mass of the
asymptotically flat spacetime. This approach is rather revolutionary for two reasons: first naively,
due to the constraints, the bulk Hamiltonian vanishes exactly in general relativity; and therefore, if
one does not add a boundary term the spacetime is devoid of any energy. On the other hand, once
a boundary term is added, the full Hamiltonian when evaluated on-shell reduces to the boundary
term. Thus, the numerical value of the total Hamiltonian is the ADM energy. Secondly, the ADM
energy, even though it looks linear in the metric (deviation) at infinity, captures all the nonlinear
energy in the bulk. This is evident from the Regge-Teitelboim approach.
The next generalization was that of the AD [4] mass for asymptotically de Sitter or anti-de
Sitter spacetimes. In fact, Abbott and Deser were interested in the stability of the de Sitter
spacetime; however, the AD expression is also well-defined for anti-de Sitter (AdS) spacetimes
which have a spatial infinity at which the surface integrals can be defined in a coordinate invariant
manner. Following the Regge-Teitelboim [9], the extension of the Hamiltonian approach to the
anti-de Sitter spacetime was given bu Henneaux and Teitelboim in [10], and more recently in [11]
which also includes relevant references.
The next development, which is the main focus of this review, was the construction of conserved
charges in generic higher curvature theories in various dimensions using the AD methods. These
higher derivative theories picked up interest due to their potential to behave better at high and
6low energies where Einstein’s gravity suffer; hence, the construction of conserved quantities in
these theories became important. The Hamiltonian treatment following [9, 10] in the extended
gravity theories is highly complicated due to their higher derivative nature. On the other hand,
the AD approach is relatively straightforward. Deser and Tekin [5, 6] extended the AD Killing
charge construction for gravity theories that have quadratic or more powers in spacetimes which are
asymptotically AdS. It is important to understand that the cosmological constant plays a crucial
role in all these conserved quantities. For example, generically for a nonzero cosmological constant
Λ, a term in the action of the form α (Riem)n contributes to the conserved charges as much as
αΛn−1 times the Einstein’s theories contribution. Therefore, a given spacetime might have quite
different conserved quantities in different theories.
We would like make one disclaimer before we lay out the computations leading to the conserved
quantities in generic gravity theories: our basic tool is the Killing charge construction as employed
most clearly in [4, 6]. As our main focus is generic higher derivative theories, the review basically
evolves around the AD work and its extension the ADT work. Of course there are other approaches
to the same problem which we have not followed here such as the works of [12–16]; elsewhere
comparisons of various methods are discussed in detail; see for example [17] by Hollands, Ishibashi
and Marolf. For a recent review on conserved charge and related topics in general relativity, please
see [18], [19], and [20].
III. ADT ENERGY
Let us consider a generic gravity theory defined by the field equations
Eµν
(
g,R,∇R,R2, ...
)
= κτµν , (4)
where Eµν is a divergence-free, symmetric two-tensor possibly coming from an action. Here, R
denotes the Riemann tensor or its contractions, κ is the n-dimensional Newton’s constant and
τµν represents the nongravitational matter source. It is clear that ∇µEµν = 0 does not yield a
globally conserved charge without further structure. A moment of reflection shows that given an
exact Killing vector ξµ, one can construct a covariantly-conserved current Jµ := ξνEµν yielding a
partially-conserved current density J µ := √−gξνEµν since ∂µ (√−gξνEµν) = √−g∇µ (ξνEµν) =
0. But, as this current identically vanishes outside the sources, it does not lead to a physically
meaningful nontrivial conserved quantity. The compromise is to follow the ADM construction for
asymptotically flat geometries, and AD and ADT constructions for asymptotically (anti-)de Sitter
[(A)dS] geometries, and split the metric into a background g¯µν and a fluctuation hµν as
gµν = g¯µν + κhµν . (5)
Here and in what follows, without worrying about the units of κ, we shall use it as a perturbation
order counting parameter. Clearly, the decomposition of the metric g as (5) is coordinate depen-
dent, and hence a different set of coordinates would lead to different g¯µν and hµν tensors. But, it
is a simple exercise to show that infinitesimal change of coordinates on the manifold can be seen as
a gauge transformation of the form h′µν (x) = hµν (x) + ∇¯µζν (x) + ∇¯νζµ (x) where ∇¯µ and all the
barred quantities refer to the background metric g¯µν . Therefore, hµν in this setting is a background
two-tensor. At this stage, even though g¯µν is defined by the equation
Eµν
(
g¯, R¯, ∇¯R¯, R¯2, ...
)
= 0, (6)
clearly there is a still a large and perhaps infinite degeneracy in the choice of the background
metric. In principle any solution of the above equation can be taken as a background and we will
7consider any Einstein metric as a background in Einstein’s theory; however, in a generic gravity
theory obtaining nontrivial solutions is itself an outstanding problem; therefore, in what follows
we will choose the background to be a maximally symmetric spacetime for which the complicated
field equations of a generic gravity theory highly simplify and yield a solution. Thus, we will make
this choice, and often refer to g¯ to be the (classical) vacuum with the following properties
R¯µανβ =
2
(n− 2) (n− 1)Λ (g¯µν g¯αβ − g¯µβ g¯αν) , R¯µν =
2
n− 2Λg¯µν , R¯ =
2nΛ
n− 2 . (7)
Inserting these into (6), one arrives at an equation f (Λ) g¯µν = 0 which determines the effective
cosmological constant Λ. Of course, depending on the parameters of the theory, there could be
no real-valued solution or many solutions. The case of no maximally symmetric solution is an
interesting one which we shall not discuss here. If there are many real-valued solutions for Λ, at
this stage there is no compelling reason to choose one over the other. Therefore, any such vacuum
would be viable. Hence, as far as the charge construction is concerned, we shall simply consider a
generic Λ which is a real-valued solution to the vacuum equation (6).1 Once such a Λ exists, there
are n (n+ 1) /2 background Killing symmetries which we shall collectively denote as ξ¯µa . But, not
to clutter the notation we will simply omit the index a.
The splitting (5) as applied to the field equations (4) yields
Eµν (g¯) + κE(1)µν (h) + κ2E(2)µν (h) +O
(
κ3
)
= κτµν . (8)
We can move all the nonlinear terms to the right-hand side and recast the equation as a linear
operator in h with a nontrivial source term that includes not only the matter source, but also the
gravitational energy and momentum, etc sourced by the gravitational self-interaction:
E(1)µν (h) := Tµν , (9)
where Tµν = τµν + κE(2)µν (h) +O
(
κ2
)
. We must also split the Bianchi identity ∇µEµν = 0 as
∇µEµν = ∇¯µE¯µν + κ∇¯µE(1)µν + κ (∇µ)(1) E¯µν +O
(
κ2
)
= 0, (10)
where (∇µ)(1) E¯µν :=
(
Γµµλ
)
(1)
E¯λν +
(
Γνµλ
)
(1)
E¯µλ and the linearized Christoffel connection is
(
Γρµν
)
(1)
= 12
(
∇¯µhρν + ∇¯νhρµ − ∇¯ρhµν
)
. (11)
From (10) and making use of the vacuum field equation, one arrives at the linearized Bianchi
identity
∇¯µE(1)µν = 0. (12)
Now, we can define a nontrivial partially-conserved current as
J µ := √−g¯ξ¯νE(1)µν , (13)
satisfying desired equation
∂µ
(√−g¯ξ¯νE(1)µν) = √−g¯∇¯µ (ξ¯νE(1)µν) = 0. (14)
1 Of course, some of these vacua can be eliminated on the basis of some other criteria such as their instability against
small fluctuations.
8Figure 1: Disjoint hypersurfaces Σ1 and Σ2 over which the integration is taken. Considering these hy-
persurfaces are obtained by timelike slicing, then they are spacelike and their normal vectors nµt1 and n
µ
t2 ,
respectively, are timelike. For spacelike hypersurfaces, as a convention the surface normals are taken into
the bulk of spacetime in the application of the Stokes’ theorem, and these surface normals are represented
as nµ1 and n
µ
2 in the Figure.
Observe that outside the matter source, one has
Tµν →
∞∑
i=1
κiE(i+1)µν (h) , (15)
and therefore,
J µ → √−g¯ξ¯ν ∞∑
i=1
κiE(i+1)µν (h) , (16)
is generically nonzero. Now, we can use the Stokes’ theorem
0 =
ˆ
M¯
dnx ∂µJ µ =
ˆ
∂M¯
dn−1y n¯µJ µ =
ˆ
∂M¯
dn−1y
√
|γ¯| n¯µ ξ¯ν E(1)µν , (17)
where ∂M¯ represents the (n− 1)-dimensional boundary of the background manifold M¯, n¯µ is
the unit normal vector to the boundary which we assume to be non-null, and γ¯ is the induced
metric on ∂M¯. Given a spacelike hypersurface Σ¯, one can define global charges up to an overall
normalization as
Q
(
ξ¯
)
:=
ˆ
Σ¯
dn−1y
√
γ¯n¯µξ¯νE(1)µν , (18)
under the assumption of J µ vanishing at spacelike infinity.
A crucial point here is, as can be seen in Figure 1, Σ¯ is generically not equal to ∂M¯; therefore,
it can have a boundary of its own. In fact, with this definition, (17) becomes
QΣ¯2
(
ξ¯
)
= QΣ¯1
(
ξ¯
)
, (19)
which is a statement of charge conservation. In that case, as ξ¯νE(1)µν ≡ ∇¯νFµν
(
ξ¯
)
, where Fµν is
an antisymmetric two-tensor, one can use the Stokes’ theorem one more time to arrive at
Q
(
ξ¯
)
=
ˆ
∂Σ¯
dn−2z
√
γ¯(∂Σ¯) n¯µ σ¯ν Fµν
(
ξ¯
)
, (20)
9where σ¯ν is the outward unit vector on the (n− 2)-dimensional spacelike surface ∂Σ¯. Of course,
the explicit form of Fµν
(
ξ¯
)
can only be found from the field equations once the theory is given.
For a more compact notation, one can define an anti-symmetric binormal vector
¯µν :=
1
2 (n¯µσ¯ν − n¯ν σ¯µ) , (21)
and write the charge as
Q
(
ξ¯
)
=
ˆ
∂Σ¯
dn−2z
√
γ¯(∂Σ¯)¯µνFµν
(
ξ¯
)
. (22)
It is apt now to give the explicit expressions of Fµν
(
ξ¯
)
in the cosmological Einstein’s gravity, and
in the vanishing cosmological constant case, obtain the usual expressions for the asymptotically
flat spacetimes.
A. AD and ADM Conserved Charges
Cosmological Einstein’s gravity is defined with the action
I = 14Ωn−2Gn
ˆ
dnx
√−g (R− 2Λ) , (23)
where Gn is n-dimensional Newton’s constant and Ωn−2 is the solid angle. The matter coupled
field equations following from this action are
Gµν := Rµν − 12gµνR+ Λgµν = 2Ωn−2Gnτµν . (24)
The linearization of Gµν about its unique maximally symmetric vacuum (7) gives
G(1)µν := R(1)µν −
1
2 g¯µνR
(1) − 2
n− 2Λhµν , (25)
where the linearized Ricci tensor and the scalar curvature are
R(1)µν =
1
2
(
∇¯ρ∇¯µhρν + ∇¯ρ∇¯νhρµ − 2¯hµν − ∇¯ν∇¯µh
)
, (26)
R(1) = g¯µνR(1)µν − hµνR¯µν = g¯µνR(1)µν −
2
n− 2Λh. (27)
In [4], the conserved current ξ¯νG(1)µν was written as
ξ¯νG(1)µν = ∇¯α
(
ξ¯ν∇¯βKµανβ −Kµβνα∇¯β ξ¯ν
)
, (28)
where the superpotential Kµανβ , having the symmetries of the Riemann tensor, is
Kµανβ := 12
(
g¯αν h˜µβ + g¯µβh˜αν − g¯αβh˜µν − g¯µν h˜αβ
)
, h˜µν := hµν − 12 g¯
µνh. (29)
Note that the superpotential can be compactly written by use of the Kulkarni-Nomizu product
[21] of g¯ and h˜ as
Kµανβ = −
(
g¯ ? h˜)
µανβ
. (30)
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Therefore, one arrives at the conserved charges in cosmological Einstein’s gravity in the following
compact form
Q
(
ξ¯
)
= 12Ωn−2Gn
ˆ
∂Σ¯
dn−2z
√
γ¯(∂Σ¯)¯µν
(
ξ¯α∇¯βKµναβ −Kµβαν∇¯β ξ¯α
)
, (31)
which is called the Abbott-Deser charge. Here, ¯µν is defined in (21) and other aspects of the
integration are defined around equation (21). In [5, 6], another commonly used form of (31) which
suits for an extension to generic f (Riemann) type theories was given as
Q
(
ξ¯
)
= 14Ωn−2Gn
ˆ
∂Σ¯
dSi
(
ξ¯ν∇¯0hiν − ξ¯ν∇¯ih0ν + ξ¯0∇¯ih− ξ¯i∇¯0h+ h0ν∇¯iξ¯ν
− hiν∇¯0ξ¯ν + ξ¯i∇¯νh0ν − ξ¯0∇¯νhiν + h∇¯0ξ¯i
)
. (32)
Let us note a few observations before we compute the charges of some interesting spacetimes:
• There are n (n+ 1) /2 independent nontrivial conserved charges corresponding to each Killing
vector of a maximally symmetric spacetime: n of these result from spacetime “translations”
and the (n− 1) (n− 2) /2 of these are from “rotations” summing up to (n2 − n+ 2) /2 con-
served charges; the rest are (n− 1) “boosts” whose details were studied in [22].
• The maximally symmetric spacetime which we denoted as g¯ is assigned to have zero charges.2
• Q
(
ξ¯
)
is invariant under the infinitesimal gauge transformations δζhµν (x) = ∇¯µζν (x) +
∇¯νζµ (x) by construction since δζG(1)µν = 0 even though Kµανβ is not gauge invariant.
• We have derived (31) for Λ 6= 0, but the expression is valid for the Λ = 0 case. There-
fore, Q
(
ξ¯
)
represents the ADM charges for asymptotically flat spacetimes in generic co-
ordinates. If one chooses the Cartesian coordinates and takes the timelike Killing vector
ξµ = (−1, 0, . . . , 0), then (31) reduces to the celebrated ADM mass
MADM =
1
2Ωn−2Gn
ˆ
Sn−2
dSi
(
∂jh
ij − ∂ihjj
)
, (33)
where the integral is to be evaluated on a sphere at spatial infinity. Similarly, angular
momentum (or momenta) has a similar expression
J = 12Ωn−2Gn
ˆ
Sn−2
dSi
(
ξ¯i∂jh
0j − ξ¯j∂ih0j
)
, (34)
where ξ¯i is the corresponding Killing vector. In practice, to compute the conserved charges
of a given solution, using the coordinate independent expression (31) is much more efficient,
especially if the metric is complicated.
• Even if one takes the background spacetime to be nonmaximally symmetric, but with at
least one Killing vector field, one arrives at the same charge expression (31). This is a highly
2 Note that in the holographic definition of the conserved charges consistency might require that the background
has a nonzero charge; for example, as in the case of AdS5 [14].
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nontrivial point and not immediately clear, but one can run the same computation as above
without the assumption of maximal symmetry and observe that one has additional parts
ξ¯νGµνL =∇¯α
(
ξ¯ν∇¯βKµανβ −Kµβνα∇¯β ξ¯ν
)
+ ξ¯νhµαG¯ να +
1
2 ξ¯
µhρσG¯ρσ − 12 ξ¯ρG¯
µρh, (35)
but once the background field equations are used, the additional parts drop out. Hence, the
earlier result derived for the maximally symmetric vacuum is valid for all Einstein spaces
with a Killing vector field [23–25]. To see this result explicitly, let us lay out the details
of the computation since it will be relevant for theories that extend Einstein’s theory and
have nonmaximally symmetric vacua (for example, in three dimensions topologically massive
gravity is an example). For a nonmaximally symmetric background g¯µν , the linearized
Einstein tensor have the form
G(1)µν = R(1)µν −
1
2 g¯µνR(1) + Λhµν −
1
2hµνR¯, (36)
with the help of (26) and the first equality of (27), G(1)µν reduces to
G(1)µν =
1
2
(
∇¯ρ∇¯µhρν + ∇¯ρ∇¯νhρµ − 2¯hµν − ∇¯ν∇¯µh
)
− 12 g¯µν
(
∇¯ρ∇¯σhρσ − 2¯h− hρσR¯ρσ
)
+ Λhµν − 12hµνR¯. (37)
We assume that the background has at least one Killing vector field. In trying to find a form
as ξ¯νG(1)µν = ∇¯νFµν where Fµν is antisymmetric, following [4] it is better to write ξ¯νG(1)µν
as ξ¯νG(1)µν ∼ ∇¯α∇¯βKαβµν +Xµν since one just needs to handle an interchange of order in
derivatives for the term ξ¯νG(1)µν ∼ ξ¯ν∇¯α∇¯βKαβµν + ξ¯νXµν as
ξ¯νG(1)µν ∼ ξ¯ν∇¯α∇¯βKαβµν + ξ¯νXµν = ∇¯α
(
ξ¯ν∇¯βKαβµν
)
−
(
∇¯αξ¯ν
)
∇¯βKαβµν + ξ¯νXµν . (38)
To work out what Kαβµν and Xµν are for the Einstein’s theory, GµνL can be rewritten as the
derivative terms plus nonderivative terms:
GµνL =
1
2∇¯α∇¯β
(
g¯νβhµα + g¯µβhαν − g¯αβhµν − g¯µνhαβ + g¯µν g¯αβh− g¯µαg¯νβh
)
+ 12 g¯
µνhρσR¯ρσ + Λhµν − 12hµνR¯. (39)
From the first line, we want to define the K tensor such that it has the same symmetries as
the Riemann tensor. Comparing with the maximally symmetric Riemann tensor R¯µανβ ∼
Λ (g¯µν g¯αβ − g¯µβ g¯αν) , one can see that except the first and the last terms, the others combine
to define the desired Kµανβ . Order change for the last term is automatic, and once we have
the order change in the first term, GµνL becomes
GµνL = ∇¯α∇¯βKµανβ +Xµν ,
where
Kµανβ ≡ 12
(
g¯αν h˜µβ + g¯µβh˜αν − g¯αβh˜µν − g¯µν h˜αβ
)
, h˜µν ≡ hµν − 12 g¯
µνh, (40)
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and the “fudge” tensor reads
Xµν ≡ 12 g¯
νβ
[
∇¯α, ∇¯β
]
hµα + 12 g¯
µνhρσR¯ρσ + Λhµν − 12hµνR¯
= 12
(
hµαR¯ να − R¯µανβhαβ
)
+ 12 g¯
µνhρσR¯ρσ + Λhµν − 12h
µνR¯.
Note that both ∇¯α∇¯βKµανβ and Xµν are not symmetric in µ and ν. Now, let us find the
antisymmetric tensor Fµν by rearranging ξ¯νGµνL with the help of the identity ∇¯β∇¯αξ¯ν =
R¯ρβαν ξ¯ρ as
ξ¯νGµνL = ∇¯α
(
ξ¯ν∇¯βKµανβ −Kµβνα∇¯β ξ¯ν
)
+KµανβR¯ρβαν ξ¯ρ +X
µν ξ¯ν , (41)
where the first term is in the desired form. Note that KµανβR¯ρβαν can also be written as
KµανβR¯ραβν/2. Using the background cosmological Einstein tensor
G¯µν = R¯µν − 12 g¯µνR¯+ Λg¯µν , (42)
we can recast ξ¯νGµνL to (35). As a summary, all of this says that the AD conserved charges
(31) or (32) are valid for all Einstein spaces with at least one Killing vector field.
B. Large diffeomorphisms (gauge transformations)
In the above construction of the conserved charges, we noted that the results are invariant under
small diffeomorphisms that act on hµν as δζhµν (x) = ∇¯µζν (x) + ∇¯νζµ (x) which is valid as long
as
∣∣∣∇¯µζν (x)∣∣∣  |hµν (x)| is satisfied in the given coordinate system for the given chart. Here, we
briefly address the case of large diffeomorphisms and show how they split the charges assigned
to a given geometry into various sectors.3 For the sake of simplicity, we discuss the Minkowski
spacetime and follow the arguments in [27] which was based on [28, 29]. In spherical coordinates,
the four-dimensional flat Minkowski spacetime has the metric
ds2 = −dt2 + dr2 + r2dΩ, dΩ := dθ2 + sin2 θdφ2 (43)
Needless to say, any coordinate change will keep the Riemann tensor of this spacetime to be zero.
Consider the following specific coordinate transformations
t = f (τ, ρ) , r = k (τ, ρ) ,
and θ, φ are kept intact. Then, the metric in these new coordinates (τ, ρ, θ, φ) reads
ds2 =
(
k˙2 − f˙2
)
dτ2 + 2
(
k˙k′ − f˙f ′
)
dτdρ+
(
k′2 − f ′2
)
dρ2 + k2dΩ, (44)
where we have suppressed the arguments of the functions, and defined f˙ := ∂f/∂τ and f ′ := ∂f/∂ρ.
Taking (43) as the background geometry with zero mass, we can calculate the mass of (44) with
3 Here, what we mean by various sectors is that the large diffeomorphisms should be considered as two classes: first,
the ones which are not allowed by the boundary conditions; and second, the ones that are compatible with the
boundary conditions and the associated finite charges as in the case of [26]. The following computation basically
is a way to explore allowed diffeomorphisms consistent with the charge definition in the ADM approach.
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respect to the background. More properly, we can identify the background metric from (44) as
f = τ and k = ρ. Then, the deviation from the background reads
hµνdx
µdxν =
(
1 + k˙2 − f˙2
)
dτ2 + 2
(
k˙k′ − f˙f ′
)
dτdρ+
(
−1 + k′2 − f ′2
)
dρ2 +
(
−ρ2 + k2
)
dΩ.
(45)
Using (33) and taking the background Killing vector as ξ¯µ = (−1, 0, 0, 0), the ADM mass-energy
of (44) becomes
E = 12Gρ
(
−ρ2 (f ′)2 + (k − ρk′)2)∣∣∣∣
ρ→∞
. (46)
It is clear that M can take any value depending on the choices of the functions f and k. Let us
consider a specific example with
f (τ, ρ) = τ, k (τ, ρ) = ρy (τ) + 2
√
2Gmρ, (47)
where y is an arbitrary function of τ and m is a positive constant. For this choice M = m. More
generally, for
k (τ, ρ) = ρy (τ) + (Gmρ)1−s , (48)
E diverges for s < 1/2 and vanishes for s > 1/2. Even negative values for the total mass is possible.
For example, choosing
k (τ, ρ) = ρ, f (τ, ρ) = y (τ) + 2
√
2Gmρ, (49)
yields a negative mass of E = −m.
Without much ado, let us give a similar example for the case of angular momentum: Let us
consider the following coordinate transformations
r = k (t, ρ) = ρ
√
mt+
√
Gmρ, φ = p (ρ, ψ) = ψ +Gm3a (mρ)s , (50)
where a is a parameter with dimension of length. Note that we kept t, θ intact. Then, the metric
in these new coordinates read
ds2 =−
(
1− mρ
2
4t
)
dt2 +
(
1 + 12
√
G
tρ
)
mρdρdt
+
m2a2s2 sin2 θ(1 +√G
tρ
)2
(mρ)2s +
(
1 + 12
√
G
tρ
)2mtdρ2
+ 2mas sin2 θ
(
1 +
√
G
tρ
)2
(mρ)s+1 tdρdψ +
(
1 +
√
G
tρ
)2
mρ2tdΩ, (51)
which is diffeomorphic to the Minkowski spacetime and of course it is Riemann flat. Using the
conserved charge expression (31), for the Killing vector fields ξ¯µ = (−1, 0, 0, 0) and ξ¯µ = (0, 0, 0, 1),
one finds
E = m4 +
2
3a
2m6s2 (mρ)2s+1 t, J = −mas (mρ)
s+3
3 , (52)
which must be evaluated in the limit ρ → ∞. Both of the terms become finite for s = −3 which
yields
E = m4 , J = ma. (53)
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All these arguments show that the flat Minkowski spacetime has infinitely many diffeomorphic
copies that all have vanishing Riemann tensor but with different ADM energies and angular mo-
menta. In the light of this discussion, the conventional positive energy theorem that assigns zero
energy, and linear and angular momenta to the flat Minkowski spacetime [30–35] also assumes that
the metric components in the example discussed above decay sufficiently fast at infinity, that is
the s > 1/2 case with vanishing energy.
C. Schwarzschild-(A)dS Black Holes in n-dimensions
Let us apply the AD construction to the immediate natural setting of the static spherically
symmetric black hole in (A)dS. The metric in static coordinates reads
ds2 = −
(
1−
(
r0
r
)n−3
+ r
2
`2
)
dt2 +
(
1−
(
r0
r
)n−3
+ r
2
`2
)−1
dr2 + r2dΩ2n−2, (54)
where `2 := − (n−2)(n−1)2Λ and n > 3. The background metric corresponds to r0 = 0 with the timelike
Killing vector ξµ =
(
−1,~0
)
satisfying g¯µν ξ¯µξ¯ν = −
(
1 + r2
`2
)
. [Formally, we can carry out the same
construction for the de Sitter case with ` → i`, but clearly due to the cosmological horizon at
a finite r coordinate, ξ¯µ fails to be timelike everywhere, and hence a global time does not exist.
Therefore, for black holes in dS only small black hole limit can be approximately considered, for
more on this see [6].] For the case of AdS background, the result of the energy computation based
on (31) turns out to be as expected
E = n− 24Gn r
n−3
0 , (55)
and in four dimensions r0 = 2Gm, and E = M as expected.
D. Kerr-AdS Black Holes in n-dimensions
Let us now consider a more complicated example by adding rotations to the n-dimensional black
hole. The metric was given in [36] in the Kerr-Schild form [37, 38] as
ds2 = ds¯2 + 2mGn
U
(kµdxµ)2 , (56)
where m is a real parameter, kµdxµ is a one-form defined below, U is a function of the coordinate
r and the direction cosines µis as
U := r
N+∑
i=1
µ2i
r2 + a2i
N∏
j=1
(
r2 + a2j
)
,
N+∑
i=1
µ2i = 1, (57)
with  = 0/1 for odd/even dimensions and n = 2N+1+. Here, N refers to the number of rotation
parameters ai associated to the azimuthal angles φis. For even n, one should note that aN+1 = 0
since φN+1 does not exist. The background metric reads
ds¯2 =−W
(
1 + r
2
`2
)
dt2 + Fdr2 +
N+∑
i=1
r2 + a2i
1− a2i
`2
dµ2i +
N∑
i=1
r2 + a2i
1− a2i
`2
µ2i dφ2i
− 1
W`2
(
1 + r2
`2
)
N+∑
i=1
(
r2 + a2i
)
µidµi
1− a2i
`2
2 , (58)
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where again W and F are functions of the coordinates r and µis as
W :=
N+∑
i=1
µ2i
1− a2i
`2
, F := 1
1 + r2
`2
N+∑
i=1
r2µ2i
r2 + a2i
. (59)
The one-form kµdxµ is given as
kµdxµ = Fdr +Wdt−
N∑
i=1
aiµ
2
i
1− a2i
`2
dφi, (60)
which is null and geodesic for both the background and the full metrics which conveys the spirit
of the Kerr-Schild construction. The ` → ∞ limit of (56) yields the Myers-Perry black hole [39]
and ai → 0 yields the Schwarzschild-Tangherlini black holes. Defining the perturbation as
hµν =
2mGn
U
kµkν , (61)
which yields h = 0. Note that the Kerr-Schild form is quite convenient for perturbative calculations
as the perturbation hµν is exact.
We can now run the machinery and calculate the energy and angular momenta of these solutions
(56). For the energy, we shall take ξ¯µ = (−1,~0), and then the energy integral becomes
E = 14Ωn−2Gn
ˆ
∂Σ¯
dSr
(
g¯00∇¯0hr0 + g¯00∇¯rh00 + h0ν∇¯r ξ¯ν − hrν∇¯0ξ¯ν + ∇¯νhrν
)
,
and expanding the covariant derivatives, one arrives at
E = 14Ωn−2Gn
ˆ
∂Σ¯
dΩn−2
√
|g¯|
(
g¯00g¯
rr∂rh
00 + 12h
00g¯rr∂rg¯00 − m
U
g¯00∂rg¯00 + 2m∂rU−1
+ 2m
U
g¯rr∂rg¯rr − m
U
grrkikj∂rg¯ij +
m
U
g¯ij∂rg¯ij
)
. (62)
The integral is to be computed on the boundary ∂Σ¯ which is located at r →∞. The integration,
whose details can be found in [18, 40], yields the energy of the n-dimensional rotating black hole
as
En =
m
Ξ
N∑
i=1
( 1
Ξi
− 12 (1− )
)
. (63)
where we have defined
Ξ ≡
N∏
i=1
(
1− a
2
i
`2
)
, Ξi ≡ 1− a
2
i
`2
. (64)
In four dimensions, one gets a modified energy expression due to the rotation
E = m(
1− a2
`2
)2 . (65)
which in the `→∞ limit or a→ 0 limit yields the expected result. Note that a 6= ` for the metric
to be nonsingular. In addition, this result agrees (up to a constant factor) with those of [41, 42].
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Similarly, taking the Killing vector ξµ(i) = (0, ..., 0, 1i, 0, ..) corresponding to the i
th azimuthal
angle φi out of N possibilities, one finds the corresponding Killing charge to be
Qi =
1
4Ωn−2Gn
ˆ
∂Σ¯
dSr
(
g¯φiφi∇¯0hrφi − g¯φiφi∇¯rh0φi + h0ν∇¯r ξ¯ν − hrν∇¯0ξ¯ν
)
= 14Ωn−2Gn
ˆ
∂Σ¯
dΩn−2
√
|g¯|
(
−g¯φiφi g¯rrg¯00∂rh φi0
)
. (66)
which yields [18, 40]
Ji =
mai
ΞΞi
, (67)
in agreement with [41, 42]. We can relate the total energy and angular momenta as
E =
N∑
i=1
Ji
ai
, (68)
for even dimensions and for the odd case, one has
E =
N∑
i=1
Ji
ai
− Nm2Ξ , (69)
where there is an additional piece independent of the angular momenta, but for any Ji → 0, one
must take the limit Ji/ai → m.
E. Computation of the charges for the solitons
We can use the AD formalism to compute the conserved charges of solitonic (nonsingular)
solutions of gravity theories. These are quite interesting objects for various reasons; one of them
being their possible negative but bounded mass. Here, we follow [43].
1. The AdS Soliton
Horowitz and Myers [44] analytically continued the near extremal p-brane solutions to obtain
the following metric the so-called “AdS Soliton";
ds2 = r
2
`2
(1− rp+10
rp+1
)
dτ2 +
p−1∑
i=1
(
dxi
)2 − dt2
+ (1− rp+10
rp+1
)−1
`2
r2
dr2, (r ≥ r0) (70)
The coordinates on the p-brane are t and xi (i = 1, ..., p− 1). The conical singularity at r = r0 is
removed if τ has a period β = 4pi`2/(r0(p+ 1)). Using the Killing vector ξ¯µ = (−1, 0, ..., 0) in (31)
and taking the background to be r0 = 0, one arrives at the energy density of the solitonic brane
E/Vn−3 as
E
Vn−3
= − pi(n− 1) Ωn−2Gn
rn−20
`n−2
, (71)
which matches the result of [44] computed with the energy definition of Hawking-Horowitz [13] up
to trivial normalization factors.
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2. Eguchi-Hanson Solitons
In odd dimensional cosmological spacetimes, Clarkson and Mann [45] found solitonic solutions
that are called Eguchi-Hanson solitons since they are analogs to the even dimensional Eguchi-
Hanson metrics [46] which approach asymptotically to AdS/Zp, where p ≥ 3, instead of the global
AdS spacetime. These solitons have lower energy than the global AdS spacetime as was demon-
strated by Clarkson and Mann with the boundary counter-term method of [14, 47] for the case
of five dimensions. This method requires each dimension to be worked out separately as the
counter-terms vary when the dimension changes. But, the AD method can be applied for a generic
dimensional solution. The Eguchi-Hanson soliton metric is
ds2 = −g dt2 +
( 2r
n− 1
)2
f
dψ + (n−3)/2∑
i=1
cos θi dφi
2
+dr
2
g f
+ r
2
n− 1
(n−3)/2∑
i=1
(
dθ2i + sin2 θi dφ2i
)
, (72)
where
g(r) = 1∓ r
2
`2
, f(r) = 1−
(
r0
r
)n−1
. (73)
The solution exists both in dS and AdS; but, let us concentrate in the AdS case and to remove the
string-like singularity at r = r0, ψ must have a period 4pi/p and the constant r0 is given as
r20 = `2 (
p2
4 − 1) . (74)
Taking the background to be r0 = 0, the energy for ξ¯µ = (−1, 0, ..., 0) is
E = − (4pi)
(n−1)/2 rn−10
p `2 (n− 1)(n−1)/2 Ωn−2Gn , (75)
which reduces to
E = − r
4
0
4 p `2G5
, (76)
for n = 5. In the counter-term method, the global AdS has a finite energy whereas in our method
it has zero energy by definition. Once that is taken into account, both methods give the same
result up to a trivial normalization factor.
F. Energy of the Taub-NUT-Reissner-Nordstro¨m metric
As some other nontrivial applications of the AD formalism for spacetimes with nontrivial topol-
ogy, let us consider the four and six dimensional Taub-NUT-Reissner-Nordstro¨m solutions [48].
For n = 4, the metric is
ds2 = −f
(
dt− 2N cos θ dφ
)2
+ dr
2
f
+
(
r2 +N2
) (
dθ2 + sin2 θ dφ2
)
, (77)
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where N is the nut charge and
f(r) = r
4 + (`2 + 6N2) r2 − 2m`2 r − 3N4 + `2 (q2 −N2)
`2 (r2 +N2) . (78)
The naive identification of the background as m = q = N = 0 yields a divergent energy for any
nonzero N and m configuration. This is because N = 0 and N 6= 0 spacetimes are not in the same
topological class; hence, for a meaningful use of the formalism one should work within a fixed N
sector and choose the background to be m = q = 0; but, keep N finite. This yields for (77)
E = m
G4
, (79)
again for the timelike Killing vector ξ¯ = (−1, 0, 0, 0). In n = 6, the metric reads
ds2 = −f
(
dt− 2N cos θ1 dφ1 − 2N cos θ2 dφ2
)2
+ dr
2
f
+
(
r2 +N2
) (
dθ21 + sin2 θ1 dφ21 + dθ22 + sin2 θ2 dφ22
)
, (80)
where the metric function f is
f(r) = q
2 (3r2 +N2)
(r2 +N2)4
+ 1
3`2 (r2 +N2)2
(
`2
(
−3N4 − 6mr + 6N2r2 + r4
)
− 15N6 + 45N4r2 + 15N2r4 + 3r6
)
.
Similarly, choosing the background to be m = q = 0 but N 6= 0, and the energy can be computed
as
E = 12 m
G6
. (81)
Next we turn our attention to generic gravity theories with more powers of curvature.
IV. CHARGES OF QUADRATIC CURVATURE GRAVITY
We will work out the construction of conserved charges for generic gravity theories with an
action of the form
I =
ˆ
dDx
√
− |g| f
(
Rµνρσ
)
, (82)
where F is a smooth function of the Riemann tensor and its contractions given in the form Rµνρσ :=
Rµνρσ, and hence contractions do not require the metric. For example, Rνσ = Rµνµσ and R = Rµνµν .
Here, we start with the quadratic theory
I =
ˆ
dnx
√−g
(1
κ
(R− 2Λ0) + αR2 + βRµνRµν + γ
(
RµνρσR
µνρσ − 4RµνRµν +R2
))
, (83)
whose results can be easily extended to the above more general action as we shall lay out in
more detail. We have organized the last part into the Gauss-Bonnet combination which does not
contribute to the field equations for n ≤ 4 (in fact, it vanishes identically in n ≤ 3 and becomes a
surface term for n = 4). Arguments from string theory require α and β to vanish [49], or in general
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using field redefinitions in a generic theory which is not truncated at the quadratic order as (83),
one can get rid off the α and β terms. But, here our goal is to consider (83) to be exact (with all
its deficiencies such as having a ghost for nonzero β) and construct the conserved charges. For this
purpose, we need the field equations which read
1
κ
(
Rµν − 12gµνR+ gµνΛ0
)
+ 2αR
(
Rµν − 14gµνR
)
+ (2α+ β) (gµν2−∇µ∇ν)R
+2γ
(
RRµν − 2RµσνρRσρ +RµσρτR σρτν − 2RµσRσν −
1
4gµν
(
RαβρσR
αβρσ − 4RαβRαβ +R2
))
+β2
(
Rµν − 12gµνR
)
+ 2β
(
Rµσνρ − 14gµνRσρ
)
Rσρ = τµν .
(84)
In general, there are two maximally symmetric vacua whose effective cosmological constant Λ is
determined by the quadratic equation
Λ− Λ0
2κ + kΛ
2 = 0, k := (nα+ β) (n− 4)
(n− 2)2 + γ
(n− 3) (n− 4)
(n− 1) (n− 2) . (85)
Linearizing (84) about one of these vacua and collecting all the higher order terms to the right,
one arrives at
cG(1)µν + (2α+ β)
(
g¯µν¯− ∇¯µ∇¯ν + 2Λ
n− 2 g¯µν
)
R(1) + β
(
¯G(1)µν −
2Λ
n− 1 g¯µνR(1)
)
=: Tµν , (86)
where the constant c in-front of the linearized Einstein tensor reads
c := 1
κ
+ 4Λn
n− 2α+
4Λ
n− 1β +
4Λ (n− 3) (n− 4)
(n− 1) (n− 2) γ. (87)
Observe that one has ∇¯µTµν = 0 which follows from the linearized Bianchi identity that we worked
out before in the previous part
∇¯µG(1)µν = 0,
and the following identities which can be easily derived by commuting the derivatives with the help
of the Ricci identity
∇¯µ
(
g¯µν2¯− ∇¯µ∇¯ν + 2Λ
n− 2 g¯µν
)
R(1) = 0
∇¯µ
(
2¯G(1)µν −
2Λ
n− 1 g¯µν
)
R(1) = 0,
where of course g¯µνG(1)µν = 2−n2 R(1). To be able to write ξ¯µTµν as a boundary term, one needs the
following identities
ξ¯ν2¯G(1)µν =∇¯α
(
ξ¯ν∇¯αGµν(1) − ξ¯ν∇¯µGαν(1) − Gµν(1)∇¯αξ¯ν + Gαν(1)∇¯µξ¯ν
)
+ Gµν(1)2ξ¯ν + ξ¯ν∇¯α∇¯µGαν(1) − Gαν(1)∇¯α∇¯µξ¯ν , (88)
∇¯α∇¯β ξ¯ν = R¯µνβαξ¯µ =
2Λ
(n− 2) (n− 1)
(
g¯ναξ¯β − g¯αβ ξ¯ν
)
, 2¯ξ¯µ = − 2Λ
n− 2 ξ¯µ, (89)
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ξ¯ν∇¯α∇¯µGαν(1) =
2Λn
(n− 2) (n− 1) ξ¯νG
µν
(1) +
Λ
n− 1 ξ¯
µR(1). (90)
Collecting all the pieces together, the conserved charges of quadratic gravity for asymptotically
(A)dS spacetimes read
QQG
(
ξ¯
)
=
(
c+ 4Λβ(n− 1) (n− 2)
)ˆ
dn−1x
√−g¯ξ¯νG0ν(1)
+ (2α+ β)
ˆ
∂Σ¯
dSi
(
ξ¯0∇¯iR(1) +R(1)∇¯0ξ¯i − ξ¯i∇¯0R(1)
)
+ β
ˆ
∂Σ¯
dSi
(
ξ¯ν∇¯iG0ν(1) − ξ¯ν∇¯0Giν(1) − G0ν(1)∇¯iξ¯ν + Giν(1)∇¯0ξ¯ν
)
, (91)
where the first line was given before in (32); hence, we have not depicted it as a surface integral
here. For asymptotically (A)dS spacetimes, the last two lines in (91) vanish due to the fact that
G(1)µν → O
(
r−n+1
)
. Therefore, the final result is quite nice: defining an effective Newton’s constant
as
1
κeff
:= 1
κ
+ 4Λ (nα+ β)
n− 2 +
4Λ (n− 3) (n− 4)
(n− 1) (n− 2) γ = c+
4Λβ
(n− 1) (n− 2) , (92)
in quadratic gravity, the effect of quadratic terms is encoded in the κeff and the final result can be
succinctly written as4
QQG
(
ξ¯
)
= κ
κeff
QEinstein
(
ξ¯
)
. (93)
For asymptotically flat backgrounds, κeff = κ and the higher order terms do not contribute to
the charges. Let us apply this construction to the Boulware-Deser black hole solution [50] of the
Einstein–Gauss-Bonnet theory for which we take α = β = Λ0 = 0 and the solution reads
ds2 = g00dt2 + grrdr2 + r2dΩn−2, (94)
with
− g00 = g−1rr = 1 +
r2
4κγ (n− 3) (n− 4)
1± (1 + 8γ (n− 3) (n− 4) rn−30
rn−1
) 1
2
 . (95)
Note that the ± branches are quite different: the minus branch referring to the asymptotically flat
Schwarzschild black hole and the plus branch referring to the asymptotically Schwarzschild-AdS
black hole, more explicitly, asymptotically one has
− g00 → 1−
(
r0
r
)n−3
, −g00 → 1 +
(
r0
r
)n−3
+ r
2
κγ (n− 3) (n− 4) , (96)
where we have set Λ = − (n−1)(n−2)2κγ(n−3)(n−4) coming from the vacuum equation. For the asymptotically
flat Schwarzschild black hole, we have computed the mass before (55). For the (A)dS case, naively
one gets a negative energy, but we should use (93) with κeff = −κ; therefore,
E = (n− 2)4Gn r
n−3
0 , (97)
4 It is important to realize that the κeff is not the inverse of c that appears in front of the linearized Einstein tensor
in equation (86) as one would naively expect from the weak field limit: the cosmological constant brings nontrivial
contributions from the higher curvature terms as can be seen (92).
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and energy is positive for both branches.
The above charge construction for the quadratic curvature gravity is widely used in the litera-
ture; for example, see [23, 51–69]. Now, let us generalize the charge construction for the quadratic
curvature gravity to the higher curvature gravity with the Lagrangian density constructed from
the Riemann tensor and its contractions.
V. CHARGES OF f
(
Rµνρσ
)
GRAVITY
In principle, using the above construction for quadratic gravity, we can find the conserved
charges for asymptotically (A)dS spacetimes of the more generic theory defined by the action
I =
ˆ
dnx
√−g f
(
Rµνρσ
)
, (98)
whose field equation can be found from the following variation
δgI =
ˆ
dnx
(
δ
√−gf
(
Rµναβ
)
+
√−g ∂f
∂Rµνρσ
δRµνρσ
)
. (99)
For generic variations of the metric, the variation of the Riemann tensor reads
δRµνρσ =
1
2 (gαρ∇σ∇
ν − gασ∇ρ∇ν) δgµα − 12 (gαρ∇σ∇
µ − gασ∇ρ∇µ) δgαν
− 12R
ν
ρσ αδg
µα + 12R
µ
ρσ αδg
αν , (100)
which follows from usual easy to obtain-expression (but beware of the location of the indices!)
δRµνρσ = ∇ρδΓµνσ −∇σδΓµνρ. (101)
After inserting (100) into (99) and making repeated use of integration by parts, one arrives at the
full non-linear equations
Eµν := 12
(
gνρ∇λ∇σ − gνσ∇λ∇ρ
) ∂f
∂Rµλρσ
− 12
(
gµρ∇λ∇σ − gµσ∇λ∇ρ
) ∂f
∂Rλνρσ
−12
(
∂f
∂Rµλρσ
R λρσ ν −
∂f
∂Rλνρσ
R λρσ µ
)
− 12gµνf
(
Rαβρσ
)
= τµν , (102)
where we have also added a source term. For the construction of the conserved charges, we need
the following information: Eµν (g¯) = 0 and E(1)µν (h) =: Tµν (τ, h) where Tµν starts at O
(
h2
)
. To
find the effective cosmological constant of the maximally symmetric solution, we set Eµν (g¯) = 0
and note that the first line of (102) vanishes and the equation reduces to[
∂f
∂Rµλρσ
]
g¯
R¯ λρσ ν −
[
∂f
∂Rλνρσ
]
g¯
R¯ λρσ µ + g¯µνf
(
R¯αβρσ
)
= 0, (103)
where the barred quantities refer to the maximally symmetric metric g¯µν with the Riemann tensor
R¯µνρσ =
2Λ
(n− 1) (n− 2)
(
δµρ δ
ν
σ − δµσδνρ
)
. (104)
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Contemplating on the vacuum equation (103), one realizes that the information regarding the
theory enters through only the following two background evaluated quantities
f¯ := f
(
R¯αβρσ
)
,
[
∂f
∂Rµνρσ
]
g¯
, (105)
which are the zeroth order and the first order terms in the Taylor series expansion of f in the
particular form of the Riemann tensor Rαβρσ around the maximally symmetric background (104).
This simple observation is quite useful since it tells us that if these quantities are the same for
two given theories then they have the same maximally symmetric vacua. Therefore, to obtain
the vacuum of the theory, one can simply consider the following “Einstein-Hilbert” action with a
specific Newton’s constant and a bare cosmological constant as
I =
ˆ
dnx
√−g
(
f¯ +
[
∂f
∂Rµνρσ
]
g¯
(
Rµνρσ − R¯µνρσ
))
. (106)
This can be seen as follows: Here, the term
[
∂f/∂Rµνρσ
]
g¯
is proportional to the Kronecker-deltas
such as δρµδσν , and considering the symmetries of the Riemann tensor, one should antisymmetrize
accordingly as δ[ρµ δσ]ν and set [
∂f
∂Rµνρσ
]
g¯
=: 1
κl
δ[ρµ δ
σ]
ν , (107)
which defines κl. Observe that one then has[
∂f
∂Rµνρσ
]
g¯
Rµνρσ =
1
κl
R, (108)
and so (106) can be recast as
I = 1
κl
ˆ
dnx
√−g
(
R− R¯+ κlf¯
)
, (109)
from which one can find the effective cosmological constant as Λ = 12
(
R¯− κlf¯
)
yielding
Λ = n− 24 f¯κl , (110)
which is naturally the solution of (103) when (107) used. Note that (110) is generically a polynomial
equation in Λ if the action is a higher curvature theory in powers of the Riemann tensor. To
summarize, given a Lagrangian density f
(
Rµνρσ
)
, the effective Newton’s constant (as it appears in
the Einstein-Hilbert action) in any of its maximally symmetric vacua can be computed from the
following formula
1
κl
=
R¯µνρσ
R¯
[
∂f
∂Rµνρσ
]
g¯
, (111)
and then, the vacua of the theory can be calculated from (110). While we have carried out the
above construction for theories whose action do not depend on the derivatives of the Riemann
tensor and its contractions, the results are valid even for the more generic case when such terms
23
are present in the action, as they do not contribute to two parameter Λ and κl for maximally
symmetric backgrounds. (Of course, higher derivative terms in the curvature will contribute to the
spectrum of the theory as well as its fully non-linear solutions besides the vacua.)
Now, let us move on to the linearization of the field equations, that is E(1)µν (h) = Tµν (τ, h), for
the construction of conserved charges. Although this would be a straightforward calculation, it is
rather cumbersome which motivates us to follow a shortcut. The shortcut boils down to finding
the equivalent quadratic curvature action (EQCA) for the given higher curvature theory [70–76].5
The EQCA by construction has the same vacua and the same linearized field equations as the given
f
(
Rµνρσ
)
theory. Then, using the conserved charge expressions for the quadratic curvature theory,
one can immediately obtain the conserved charges of the f
(
Rµνρσ
)
theory from its EQCA. Now, let
us show how the EQCA captures the linearized field equations, E(1)µν (h) = Tµν (τ, h). In linearizing
the field equations, one needs the following somewhat complicated linearized terms[
gµνf
(
Rµναβ
)](1)
=hµν f¯ + g¯µν
[
∂f
∂Rαβρσ
]
g¯
(
Rαβρσ
)(1)
, (112)
and (
∂f
∂Rµλρσ
R λρσ ν
)(1)
=
[
∂2f
∂Rηθατ∂R
µλ
ρσ
]
g¯
(
Rηθατ
)(1)
R¯ λρσ ν +
[
∂f
∂Rµλρσ
]
g¯
(
R λρσ ν
)(1)
, (113)
and (
gνρ∇λ∇σ ∂f
∂Rµλρσ
)(1)
=g¯νρ
[
∂2f
∂Rηθατ∂R
µλ
ρσ
]
g¯
∇¯λ∇¯σ
(
Rηθατ
)(1)
+ g¯νρ
[
∂f
∂Rµλρα
]
g¯
∇¯λ (Γσσα)(1)
− g¯νρ
[
∂f
∂Rαλρσ
]
g¯
∇¯λ
(
Γασµ
)(1) − g¯νρ [ ∂f
∂Rµαρσ
]
g¯
∇¯λ (Γασλ)(1) , (114)
where the superscript (1) represents the linearization up to and including O (hµν) as before. Just
like in the case of the equivalent linear action (ELA) construction, the crucial observation here is
that linearization process of a given theory can be carried out if the following quantities
f¯ ,
[
∂f
∂Rµλρσ
]
g¯
,
[
∂2f
∂Rηθατ∂R
µλ
ρσ
]
g¯
, (115)
can be computed. Hence, the shortcut logic that we expounded upon above applies here verbatim:
if these three quantities are the same for any two gravity theories, then those two theories have
the same linearized field equation around the same vacua, and any quantity such as conserved
charges and spectra computed from the linearized field equations. [For the spectrum calculation
and the masses of all the perturbative excitations in the theory see [79].] Therefore, one resorts
to the following second order Taylor series expansion of f
(
Rµναβ
)
around its maximally symmetric
background as
I =
ˆ
dnx
√−g
f¯ + [ ∂f
∂Rλνρσ
]
g¯
(
Rλνρσ − R¯λνρσ
)
+12
[
∂2f
∂Rηθατ∂R
µλ
ρσ
]
g¯
(
Rηθατ − R¯ηθατ
) (
Rµλρσ − R¯µλρσ
) , (116)
5 EQCA constructions similar to [73] and [74, 75] were given in [77] and [78], respectively.
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which is the equivalent quadratic curvature action (EQCA). Let us look at the individual terms
in the second line of (116) to reduce it to the usual quadratic gravity theory following the similar
lines we used above: First, α, β, and γ parameters of the quadratic gravity can be defined as
1
2
[
∂2f
∂Rηθατ∂R
µλ
ρσ
]
g¯
RηθατR
µλ
ρσ =: αR2 + βRλσRσλ + γ
(
RηλρσR
ρσ
ηλ − 4RλσRσλ +R2
)
. (117)
Similar to (107), the second order derivative of f
(
Rµναβ
)
evaluated in the background becomes
[
∂2f
∂Rηθατ∂R
µλ
ρσ
]
g¯
= 2αδ[αη δ
τ ]
θ δ
[ρ
µ δ
σ]
λ + β
(
δα[ηδ
[ρ
θ]δ
|τ |
[µ δ
σ]
λ] − δτ[ηδ
[ρ
θ]δ
|α|
[µ δ
σ]
λ]
)
+ 12γδ[αη δτθ δρµδ
σ]
λ , (118)
where in writing the last term we have made use of the fact that δµ1µ2µ3µ4ν1ν2ν3ν4 R
ν1ν2
µ1µ2R
ν3ν4
µ3µ4 = 4χGB
where χGB is the Gauss-Bonnet combination. The generalized Kronecker-delta satisfies
δµ1µ2µ3µ4ν1ν2ν3ν4 = abcdδ
µ1
νa δ
µ2
νb
δµ3νc δ
µ4
νd
= 4!δµ1ν[aδ
µ2
νb
δµ3νc δ
µ4
νd]
. (119)
Using (107) and (117), one arrives at [74, 75]
IEQCA =
ˆ
dnx
√−g
(1
κ˜
(
R− 2Λ˜0
)
+ αR2 + βRλσRσλ + γχGB
)
, (120)
where the parameters of the quadratic theory are
1
κ˜
:= 1
κl
− 4Λ
n− 2
(
nα+ β + γ (n− 2) (n− 3)(n− 1)
)
, (121)
and
Λ˜0
κ˜
:= −12 f¯ +
(
nΛ
n− 2
) 1
κl
− 2Λ
2n
(n− 2)2
(
nα+ β + γ (n− 2) (n− 3)(n− 1)
)
. (122)
The vacua of (120) satisfies [5, 6]
Λ− Λ˜0
2κ˜ +
(
(nα+ β) (n− 4)
(n− 2)2 + γ
(n− 3) (n− 4)
(n− 1) (n− 2)
)
Λ2 = 0, (123)
which is the same vacuum equation as that of the f
(
Rµναβ
)
theory and its equivalent linearized
version (109). Note that this is a highly nontrivial result: One should replace (121) and (122) in
(123) to get (110). In the Appendix, we give a direct demonstration of the equivalence between
the linearized field equations of the f
(
Rµναβ
)
theory and the EQCA.
In summary, to find the conserved charges of the f
(
Rµναβ
)
theory around any one of its maximally
symmetric vacua given by (110), one can find the equivalent quadratic curvature action (120)
whose parameters follow from the expressions (107), (117), (121), and (122), then find the effective
Newton’s constant of the theory using (92) to plug in to the final conserved charge expression (93).
A generalization involving the derivatives of the Riemann tensor in the action was given in [80]. It
would be interesting to rederive the results of [80] using the methods of this section.
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A. Example 1: Charges of Born-Infeld Extension of New Massive Gravity (BINMG)
The following theory was introduced in [81] as an extension of the new massive gravity (NMG)
[82];
IBINMG :=
ˆ
d3x
√−gf (Rµν ) = −4m2
ˆ
d3x
[√
−det
(
gµν +
σ
m2
Gµν
)
−
(
1− λ02
)√−g] ,
(124)
where Gµν := Rµν − 12gµνR, λ0 := Λ0/m2, and σ = ±1. Just like NMG which is a quadratic
theory, this Born-Infeld type gravity describes a massive spin-2 graviton in the vacuum of the
theory. Surprisingly, unlike NMG which has generically two vacua, this theory has a single vacuum
which we shall show below using the preceding construction. The theory also has all the rotating
and non-rotating types of the BTZ black hole [83]. Let us apply our prescription that we laid above
to construct the conserved mass and angular momentum of the BTZ black hole. Since in three
dimensions the Riemann and Ricci tensors are double duals of each other
(
1
4ρµνσαβR
µναβ = Gρσ
)
they carry the same curvature information; so it is better to use the Ricci tensor and hence, the
relevant quantities for the construction of charges and the vacuum are the following
f¯ = 4m2
[(
1− λ02
)
− (1− σλ)3/2
]
, (125)[
∂f
∂Rαβ
]
g¯
Rαβ = σ
√
1− σλR, (126)
1
2
[
∂2f
∂Rρσ∂Rαβ
]
g¯
RρσR
α
β =
1
m2
√
1− σλ
(
RµνR
ν
µ −
3
8R
2
)
, (127)
where λ := Λ/m2 and σλ > 1 should be satisfied. Then, the parameters of the equivalent quadratic
curvature action read as
1
κ˜
=
σ − λ2√
1− σλ, (128)
Λ˜0
κ
= m2
[
λ0 − 2 + 1√1− σλ
(
2− σλ− λ
2
4
)]
, (129)
β = −83α =
1
m2
√
1− σλ, (130)
where λ is uniquely fixed as[84, 85]
λ = σλ0
(
1− λ04
)
, λ0 < 2, (131)
which was obtained after using (125) and (126) in (110). Under the condition (131) and m2λ =
−1/`2 < 0, the rotating BTZ black hole is given with the metric
ds2 = −N2dt2 +N−2dr2 + r2
(
Nφdt+ dφ
)2
, (132)
where
N2 (r) = −M + r
2
`2
+ j
2
4r2 , N
φ (r) = − j2r2 . (133)
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In cosmological Einstein’s theory, the M = 0 and j = 0 solution corresponds to the vacuum, and
theM = −1 and j = 0 solution corresponds to the global AdS which is a bound state. For BINMG,
as we argued above these Einsteinian charges will be rescaled by the κeff (92) which reads
1
κeff
= σ
√
1− σλ. (134)
Then, from (93), the mass and the angular momentum of the BTZ black hole in BINMG can be
found as
E = σ
√
1− σλM, J = σ√1− σλj. (135)
Note that this result matches with the ones computed via the first law of black hole thermodynamics
in [84] and note also that Ej = MJ as in Einstein’s theory in 3D.
The above formalism also gives us the central charge as defined by Wald [86]
c = `2G3
δµν
[
∂f
∂Rµν
]
g¯
= 3`2G3κl
, (136)
where we will set G3 = 1 as above. For Einstein’s theory c = 3`/2 and for BINMG with 1/κl =
σ (1− σλ)1/2, one has
c = 3`2 σ (1− σλ)
1/2 , (137)
and using (131), c further reduces to
c = 3σ4` (2− λ) . (138)
VI. CONSERVED CHARGES OF TOPOLOGICALLY MASSIVE GRAVITY
In the above examples, we studied explicitly diffeomorphism invariant theories, in this section
we will study the celebrated topologically massive gravity (TMG) [87, 88] in three dimensions
whose action is diffeomorphism invariant only up to a boundary term. The conserved charges of
this theory for flat backgrounds was constructed in [88] and its extension for AdS backgrounds
was given in [89] following the AD construction laid out above. The theory also admits non-
Einsteinian nonsingular solutions and the conserved charges for those cases was given in [23] by
the same construction and in [24] using the covariant canonical formalism which uses the symplectic
structure. Here, for the sake of diversity, we will follow [24] and construct the symplectic two form
(which has potential applications in the quantization of the theory) to find the conserved charges.
At the end, we calculate the conserved charges of some solutions of the theory which are not
asymptotically AdS. The approach we followed here was used in [90] for the NMG case.
It is well-known that with the help of a symplectic two-form on the phase space, one can give
a covariant description of the phase space without defining the canonical coordinates. Here, we
follow [91].
The action for TMG is given by [87]
I =
ˆ
M
d3x
(√−g (R− 2Λ) + 12µαβγΓµαν
(
∂βΓνγµ +
2
3Γ
ν
βρΓργµ
))
, (139)
27
where αβγ is the totally antisymmetric tensor density of weight as √−g. Variation of the action
with respect to an arbitrary deformation of the metric yields
δIM =
ˆ
M
d3x
√−gδgµν
(
Gµν +
1
µ
Cµν
)
, (140)
where the cosmological Einstein tensor, the Cotton tensor, and the Schouten tensor, respectively,
are
Gµν = Rµν − 12gµνR+ Λgµν , (141)
Cµν := 
µβγ
√−g∇βS
ν
γ , Sµν := Rµν −
1
4gµνR. (142)
The variation of the action produces the following boundary term:
δI∂M =
ˆ
M
d3x∂α
(√−g (gµνδΓαµν − gαµδΓνµν)− 1µανσ
(
Sρσδgνρ +
1
2Γ
ρ
νβδΓ
β
σρ
))
. (143)
Therefore, the source-free field equations are
Gµν +
1
µ
Cµν = 0, (144)
which necessarily yield R = 6Λ. It pays to define the two boundary terms (as one-form densities
on the phase space) coming from the Einstein and the Chern-Simons parts as
ΛαEH :=
√−g
(
gµνδΓαµν − gαµδΓνµν
)
, (145)
ΛαCS := −
1
µ
ανσ
(
Sρσδgνρ +
1
2Γ
ρ
νβδΓ
β
σρ
)
. (146)
From these two pieces, the symplectic current follows as
Jα := − 1√−g δ (Λ
α
EH + ΛαCS) , (147)
separately, one has the following local symplectic parts
JαEH = −
δΛαEH√−g = δΓ
α
µν ∧
(
δgµν + 12g
µνδ ln g
)
− δΓνµν ∧
(
δgαµ + 12g
αµδ ln g
)
(148)
and
JαCS = −
δΛαCS√
g
= 1
µ
ανσ√−g
(
δSρσ ∧ δgνρ +
1
2δΓ
ρ
νβ ∧ δΓβσρ
)
. (149)
Finally, the sought-after symplectic two-form on the phase space of TMG is given as an integral
over a two-dimensional hypersurface Σ as ω :=
´
Σ dΣαJ
α which explicitly reads
ω =
ˆ
Σ
dΣα
[
δΓαµν ∧
(
δgµν + 12g
µνδ ln g
)
− δΓνµν ∧
(
δgαµ + 12g
αµδ ln g
)
+ 1
µ
ανσ√−g
(
δSρσ ∧ δgνρ +
1
2δΓ
ρ
νβ ∧ δΓβσρ
)]
.
(150)
Of course, this “formal” symplectic two-form has to satisfy the following requirements for it to be
a viable symplectic structure
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1. It must be a closed two-form, that is, δω = 0, without the use of field equations or their
variations thereof.
2. Jα must be covariantly conserved, that is, ∇αJα = 0, modulo field equations and their
variations, δGµν + 1µδCµν = 0.
3. ω must be diffeomorphism invariant both in the full solution space and in the more relevant
quotient space of solutions modulo the diffeomorphism group.
Some of these requirements are easily seen to be satisfied by ω given in (150), but some require
rather lengthy computations. Let us go over them briefly. It is easy to see that the δω = 0 for
any smooth metric and its deformation. Hence, item 1 is clearly satisfied. Let us now compute the
onshell conservation of Jα as follows: Let us define the covariant divergence of the current as
∇αJα := I1 + I2 + 1
µ
I3, (151)
where
I1 :=
1
2∇α
(
gµνδΓαµν ∧ δ ln g − gαµδΓνµν ∧ δ ln g
)
, (152)
I2 := ∇α
(
δΓαµν ∧ δgµν − δΓνµν ∧ δgαµ
)
, (153)
I3 := ∇α
(
ανσ√−g
(
δSρσ ∧ δgνρ +
1
2δΓ
ρ
νβ ∧ δΓβσρ
))
. (154)
To be able to use the variation of the field equations, we can recast I1 and I2 as follows
I1 =
1
2g
µνδRµν ∧ δ ln g + gµνδΓαµν ∧ δΓλαλ, (155)
I2 = δRµν ∧ δgµν − gµνδΓαµν ∧ δΓλαλ, (156)
where we made use of the Palatini identity, δRµν = ∇αδΓαµν −∇µδΓανα and the explicit form of
δΓαµν . Furthermore, using the variation of the field equation, I1 and I2 combine to yield
I1 + I2 =
µβγ
µ
√−g
(
SσγδΓνβσ +∇βδSνγ
)
∧ δgµν , (157)
where we used the variation of the Cotton tensor;
δCµν = 
µβγ
√−g
(
−12∇βS
ν
γδ ln g +∇βδSνγ + SσγδΓνβσ
)
. (158)
Working on I3, one has
I3 = − 
µβγ
√−g
(
∇βδSνγ ∧ δgµν + gλµδSνγ ∧ δΓλβν + δΓνµσ ∧∇βδΓσγν
)
. (159)
Finally, combining all these, one arrives at
∇αJα = 
µβγ
µ
√−g δΓ
ν
βσ ∧
(
δ
(
gµνS
σ
γ
)
+∇µδΓσγν
)
. (160)
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To show that the right-hand side vanishes as desired, we still need to use further three-dimensional
identity on the Riemann tensor and its variation as
µβγRσµγν = µβγ
(
δσγSµν + Sσγgµν
)
, (161)
µβγδRσµγν = µβγδσγ δSµν + µβγδ
(
Sσγgµν
)
. (162)
With the help of these, one finally arrives at ∇αJα = 0 on shell, fulfilling the second requirement.
The first part of the third item is already satisfied because ω is constructed from tensors. But,
for the second part, namely showing that ω is diffeomorphism invariant in the quotient space of the
solutions modulo diffeomorphisms, we need to do further work. The crux of the computation is to
show that for pure gauge directions ω vanishes. For this purpose, let us decompose the variation
of the metric into nongauge and pure gauge parts as
δg′µν := δgµν +∇µξν +∇νξµ (163)
where ξ is a one-form on the cotangent space of the phase space. This decomposition acts as the
Lie derivative on the associated tensors as LξT with respect to the vector ξ, and hence one has
δΓ′λµν = δΓλµν +∇µ∇νξλ +R λν µβξβ, (164)
δS′µν = δSµν + ξβ∇βSµν + Sµβ∇νξβ − Sνβ∇βξµ. (165)
The change in the symplectic current of the Einstein-Hilbert part, that is ∆JαEH := J ′αEH−JαEH, can
be computed as [91]
∆JαEH = ∇µFµαEH +Gµα (ξµ ∧ δ ln g + 2ξν ∧ δgµν)−Gµνξα ∧ δgµν + 2ξµ ∧ δGαµ, (166)
where the FµαEH is an antisymmetric tensor defined as:
FµαEH := ∇µδgνα∧ξν +δgνα∧∇νξµ+
1
2δ ln g∧∇
αξµ+∇νδgµν ∧ξα+∇µδ ln g∧ξα−(α↔ µ) . (167)
At this stage, if we consider the pure Einstein-Hilbert theory alone, then the last four terms of (166)
vanish on shell Gµν = 0 and δGµν = 0. On the other hand, ∇µFµαEH is a boundary term and vanishes
for sufficiently decaying metric variations yielding ∆JαEH = 0 and corresponding symplectic two-
form ωEH is diffeomorphism invariant on the quotient space of classical solutions (Einstein spaces)
to the diffeomorphism group.
For the full Chern-Simons theory, the computation is slightly longer: One finds the change in
the Chern-Simons part of the symplectic current under the splitting (163) as
µ∆JαCS =
ανσ√−g
[ (
−Sβσ∇βξρ + Sρβ∇σξβ +∇βSρσξβ
)
∧ δgνρ
+ δSρσ ∧ (∇ρξν +∇νξρ) +
(
∇ν∇βξρ +R ρβ νγξγ
)
∧ δΓβσρ
]
.
(168)
Using
∇βδSβσ =
1
4∇σδR+ δΓ
λ
βσS
β
λ − δΓλβλSβσ, (169)
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and the three-dimensional relation
µαβξν = gµνραβξρ + gανµρβξρ + gβνµαρξρ, (170)
one can recast ∆JαCS as
µ∆JαCS = ∇µFµαCS + Cµα (ξµ ∧ δ ln g + 2ξν ∧ δgµν)− Cµνξα ∧ δgµν + 2ξµ ∧ δCαµ, (171)
where the antisymmetric tensor FµαCS is defined as
FµαCS :=
αµσ√−g
(
−δΓβσρ ∧∇βξρ + 2δSνσ ∧ ξν + Sργδgσρ ∧ ξγ + Sβσδgβρ ∧ ξρ
)
. (172)
It is now clear that combining the Chern-Simons part with the Einstein’s part and using the field
equations of TMG and their variations, one arrives at the result that ∆Jα = 0 for sufficiently fast
decaying metric variations. This says that ω has no components in the pure gauge directions for
sufficiently fast decaying metric variations.
Let us now use the above construction to find the conserved charges of the theory correspond-
ing to the Killing symmetries of a given background. For this purpose, we choose the following
diffeomorphisms which corresponds to the isometries of the background
∇µξν +∇νξµ = 0. (173)
In the language we used so far, we are setting the nongauge invariant part of the δgµν = 0, and
hence, by definition ∆Jα = 0 yielding
∇µ
(
FµαEH +
1
µ
FµαCS
)
= 0, (174)
on shell yielding the local conservation
∂µ
[√−g (FµαEH + 1µFµαCS
)]
= 0, (175)
from which we can define a globally conserved total charge for each ξµ. Identifying δgµν → hµν ,
where hµν is a perturbation around a given background g¯ with Killing symmetries, and keeping
the ξµ terms on the same side of the wedge products before dropping them yields the final result
as
Q
(
ξ¯
)
= 12piG3
ˆ
∂Σ
dSα
(
Fα0EH +
1
µ
Fα0CS
)
, (176)
which more explicitly reads
Q
(
ξ¯
)
= 12piG3
ˆ
Σ
d2x
√−g¯ξ¯νG0ν(1)
+ 12piG3µ
ˆ
∂Σ
dSα
0ασ
(
−δΓβσρ∇¯β ξ¯ρ + 2δSνσ ξ¯ν + Sργhσρξ¯γ + Sβσhβρξ¯ρ
) ]
,
(177)
where we have left the first line as an integral over the hypersurface Σ, but as we discussed in
Sec. III A , it can be written as a surface term as (31) or (32). It is important to note that for
a generic background, the Einsteinian part and the Chern-Simons part are not separately gauge-
invariant as we have seen above. But, for AdS backgrounds, since the linearized cosmological
31
Einstein tensor G(1)µν and the linearized Cotton tensor are separately gauge-invariant, we can recast
(177) in an explicitly gauge-invariant form as
Q
(
ξ¯
)
= QEinstein
(
Ξ¯
)
+ 1
µ
ˆ
∂Σ
dSi
(
0iβG(1)νβ ξ¯ν + νiβG(1)0β ξ¯ν + 0νβG
(1)i
β ξ¯ν
)
, (178)
where Ξ¯µ := ξ¯µ+ 1µ
µαβ√−g¯ ∇¯αξ¯β is also a Killing vector field. Note that for asymptotically AdS spaces,
the second term on the right-hand side vanishes; therefore, the effect of the Chern-Simons part is
represented solely in the twist part of the Ξ¯µ vector as far as conserved charges are concerned. For
generic spacetimes which are not asymptotically AdS, Ξ¯µ fails to be a Killing vector field.
An immediate application of the above construction is to the BTZ black hole which is a solution
to TMG for any value of µ since it is a locally AdS3 spacetime. Recall that the rotating BTZ black
hole metric is given as
ds2 = −
(
−G3M + r
2
`2
+ j
2G23
4r2
)
dt2 +
(
−G3M + r
2
`2
+ j
2G23
4r2
)−1
dr2 + r2
(
−jG32r2 dt+ dφ
)2
.
(179)
Taking the background to be as before with M = 0 and j = 0, one finds by using (177) or
equivalently (178) that the BTZ metric (179) receives nontrivial corrections to its conserved energy
and angular momentum from the Cotton part [40, 92]:
E = M − j
µ`2
, J = j − M
µ
. (180)
For M = jµ and µ` = 1, E = 0 and J = 0, namely the black hole is degenerate with the vacuum.
This particular limit was studied in [93] where it was shown that there is a single boundary
conformal field theory with a right moving Virasoro algebra with the central charge cR = 3`/G3
and the energy of all bulk excitations vanish. This theory is called the chiral gravity.
Let us give some further examples which are solutions to full TMG equations but do not solve
the cosmological Einstein theory.
1. Logarithmic solution of TMG at the chiral point
At the chiral point µ` = 1, the metric
ds2 = −Ndt2 + dr
2
N
+ r2 (Nθdt− dθ)2 +Nk (dt− `dθ)2 , (181)
with
N = −G3m+ r
2
`2
+ m
2`2G23
4r2 , Nθ =
m`G3
2r2 , Nk = kG3 ln
(
2r2 −m`2G3
2r20
)
, (182)
was shown to solve TMG [94]. m = k = 0 defines the background metric. For the Killing vector
ξµ = (−1, 0, 0), one obtains the energy
E = 4k, (183)
and for the Killing vector ξµ = (0, 0, 1), the angular momentum becomes
J = 4k`. (184)
These charges are found in [94] with the counter-term approach, in [95] with the first order for-
malism, and in [96] with Nester’s definition of conserved charges [97].
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2. Null warped AdS3
At the tuned value of µ` = −3, the metric (called the null warped AdS3)
ds2
`2
= −2rdtdθ + dr
2
4r2 +
(
r2 + r + k
)
dθ2, (185)
solves TMG whose detailed description can be found in [98]. We can compute its conserved charges
by taking k = 0 as the background metric. The result yields
E = 0, J = −8k`3 , (186)
which are the same as the ones given in [23, 98].
3. Spacelike stretched black holes
By the works of Nutku [99] and Gurses [100], we know that for arbitrary µ the following metric
solves TMG
ds2 = −Ndt2 + `2R
(
dθ +N θdt
)2
+ `
4dr2
4RN , (187)
where the functions are
R := r4
(
3
(
ν2 − 1
)
r +
(
ν2 + 3
)
(r+ + r−)− 4ν
√
r+r− (ν2 + 3)
)
, (188)
N := `
2 (ν2 + 3) (r − r+) (r − r−)
4R , N
θ := 2νr −
√
r+r− (ν2 + 3)
2R , (189)
with ν = −µ`3 . The solution describes a spacelike stretched black hole for ν2 > 1 with r± as
outer and inner horizons. The details of this metric such as conserved charges were studied in
[23, 95, 96, 98]. Defining the background with r± = 0 and using (177), for the Killing vector
ξµ = (−1, 0, 0), the energy can be calculated as
E =
(
3 + ν2
)
`
3ν
(
ν (r+ + r−)−
√
(3 + ν2) r+r−
)
, (190)
which is the same as the result given in [23, 96, 98]. For the Killing vector ξµ = (0, 0, 1), the
angular momentum can be computed to be
J = `24ν
(
2
(
10ν4 − 15ν2 + 9
) (
r2+ + r2−
)
+ 18
(
ν2 − 1
) (
ν2 − 2
)
r+r−
+ ν
(
5ν2 − 9
)
(r+ + r−)
√
(3 + ν2) r+r−
)
, (191)
which differs from the one, J , given in [23, 96, 98], but they are related as J = c1 (ν) J + c2 (ν)E
where c1 and c2 were given in [24]. The crucial point here is that both J and E are finite in full
TMG even though they are divergent separately in Einstein’s theory and pure Cotton theory.
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VII. CHARGES IN SCALAR-TENSOR GRAVITIES
Let us consider a generic scalar-tensor modification of Einstein’s theory given by the action
I = 12κ
ˆ
dnx
√−g U (φ) (R (g)− 2Λ0 −W (φ) ∂µφ∂µφ− V (φ) +H (φ)Lmatter (ψ)) , (192)
where Lmatter (ψ) represents all the matter besides the scalar. One can add higher order curvature
terms, but for the sake of simplicity we will consider the above theory and study the conformal
properties of the charges we defined above. With the following conformal transformation to the
so-called Einstein frame
gEµν := U (φ)
2
n gµν , (193)
the action can be recast as
I = 12κ
ˆ
dnx
√
−gE
(
R
(
gE
)
− 2Λ0
)
+ IM , (194)
where IM now has the form
IM =
1
2κ
ˆ
dnx
√
−gE (A (φ) ∂µφ∂µφ+X (φ) + Z (φ)Lmatter (ψ)) . (195)
Now, the conserved charge of (194) is represented by (31) or equivalently (32). Under the conformal
transformation (193), the antisymmetric tensor Fνµ defining the conserved charge (32) transforms
as
√−g¯Fνµ (ξ¯) = U− 2n√−g¯E(Fνµ (ξ¯E)− 3
n
ξ¯Eα h
να
E ∂
µ logU + 3
n
ξEα h
µα
E ∂
ν logU
− n− 1
n
ξνEh
µα
E ∂α logU +
n− 1
n
ξµEh
να
E ∂α logU
)
, (196)
where we have assumed that the conformal transformation did not eliminate the Killing vectors.
Therefore, the conserved charges are conformally invariant if U (∞) = 1; namely, gµν and gEµν have
the same charges. If on the other hand U (∞) is some arbitrary constant, then the charges of
these two metrics differ by a multiplicative constant which in any case can be attributed to the
normalization of the Killing vector. More details can be found in [101] where F (R) type theories
and quadratic theories were also discussed. Note that the effect of conformal transformations on
the surface gravity and the temperature of stationary black holes were discussed before in [102] with
a similar conclusion that they are invariant given that the conformal transformation approaches to
unity at infinity. For more generic matter fields, see an extended discussion of conserved charges
in [103].
VIII. CONSERVED CHARGES IN THE FIRST ORDER FORMULATION
It is well-known that when fermions are introduced to gravity, the metric formulation is not
sufficient and one has to introduce the vierbein and spin connection. As this is the case in the
supergravity theories, we will introduce the construction of conserved charges in the first order
formalism in this section. This will also be a useful background material for the rest of this review
where we shall define the three-dimensional Chern-Simons like theories in this formalism. The
following discussion was given in [43] which we closely follow.
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What we shall describe can be generalized to any geometric theory of gravity (such as the higher
order ones) but for the sake of simplicity let us consider the cosmological Einstein’s theory and
reproduce the first order form of the Abbott-Deser charges in the form given by Deser and Tekin.
Of course, the major difference between the first order and the send order (metric formulation) of
gravity theories arises for generic theories while they yield the same result in Einstein’s gravity.
Nevertheless it pays to study the most relevant case here. We shall introduce the notation as we
go along. The n-dimensional field equations read
Ga + Λ ? ea = κTa , (197)
where Ga is (n− 1)-form Einstein tensor, and ? is the Hodge star operator, ea is a 1-form. It is
clear that equation (197) comes from the variation of an action I =
´ L where L is an n-form as
expected. The metric tensor can be written as
g = ηab ea ⊗ eb,
where the 1-forms ea are the orthonormal coframe fields and in general they do not exist globally.
Let e¯a the background orthonormal coframe which satisfies (197) for Ta = 0. Then, the full coframe
1-form can be expanded as
ea := e¯a + ϕa b e¯b = (δab + ϕa b) e¯b, (198)
where ϕa b are the 0-forms with proper decay condition. It is clear that we can always write (198)
as it is; but, let us show that this is possible. We have in local coordinates
ea = e¯a + ψa µ dxµ,
but since dxµ = E¯µ b e¯b, we have ϕa b = ψa µ E¯µ b. The splitting (198) when inserted in (197) leads
to
G(1)a (ϕb c) = κ τa ,
where again G(1)a (ϕb c) is a (n− 1)-form differential operator which is linear in the deviation parts
ϕb c and τa includes all the higher order terms in ϕb c as well as the compactly supported matter
part Ta. To get a conserved charge expression we need extra structure such as symmetries and
local conserved currents. Let D¯ denote the covariant derivative with respect to the Levi-Civita
1-forms ω¯a b which satisfy the Cartan structure equation
D¯ e¯a = 0 = de¯a + ω¯a b ∧ e¯b.
Following the same reasoning as before, we assume that the background spacetime has some sym-
metries denoted by the Killing vectors ξ¯a ant the Killing equation in this language reads
D¯a ξ¯b
(I) + D¯b ξ¯a (I) = 0 , (199)
where we used the definition D¯a := ι¯a D¯ and ι¯a is the interior-product with respect to the back-
ground frame vector: For example, ι¯b e¯a = δb a. From the full Bianchi identity one obtains
D¯Ga(1) = 0,
and to convert it to a partial current conservation we employ the Killing vectors to get
D¯ (ξ¯aGa(1)) = d(ξ¯aGa(1)) = 0.
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Furthermore, we can define Ga(1) := Gab ?¯ e¯b where Gab are 0-forms. Leaving the details to [43],
let us write the final expression for the conserved charges in terms of ϕa b for the cosmological
Einstein’s theory
Q(ξ¯) = 14 Ωn−2Gn
ˆ
∂Σ¯
dSi
(
−ξ¯0 D¯b ϕi b + ϕbi D¯b ξ¯0 − ϕb b D¯i ξ¯0 + ξ¯0 D¯i ϕb b
−ξ¯i D¯0 ϕb b + ξ¯i D¯b ϕ0 b − ξ¯b D¯i ϕ0b + ϕ0b D¯i ξ¯b + ξ¯b D¯0 ϕib
)
. (200)
This is of the same form as the Abbott-Deser or Deser-Tekin expression for cosmological Einstein’s
gravity given in the metric formulation. But, one should bear in mind that the equality of the first
order and the second order (metric) formulation is valid only for a small class of theories, such
as the Einstein’s gravity. For generic gravity theories, first and second order formulations yield
completely different theories. If fermions are to be coupled to gravity, it is clear that the first order
formulation must be used. In that case, the above procedure is more apt for the construction of
charges.
It is also known that in the first order formulation, if the vierbein is allowed to be non-invertible,
some gravity theories can be mapped to gauge theories and quantized exactly. As two examples
see [104] where the 3 dimensional Einstein’s gravity (with or without a cosmological constant) was
mapped to a non-compact Chern-Simons theory and [105] where 3 dimensional conformal gravity
was mapped to a non-compact Chern-Simons theory.
IX. VANISHING CONSERVED CHARGES AND LINEARIZATION INSTABILITY
The astute reader might have realized that in the above construction of global conserved charges
for Einstein’s theory or for generic gravity theories, two crucial ingredients are the Stokes’ theorem
and the existence of asymptotic rigid symmetries (or Killing vectors). Once Stokes’ theorem is
invoked, one necessarily resorts to perturbative methods: namely, a background spacetime (M, g¯)
is assigned zero charges and subsequently the conserved charges of a perturbed spacetime (M, g)
that has the same topology as the background and with the metric g = g¯ + h are measured with
respect to the background charges. Clearly, ifM does not have a spatial boundary; namely, if its
topology is of the form R×Σ where Σ is a closed Riemannian manifold, one is forced to conclude that
it must have zero charges for all metrics (solutions of the theory). This is simple to understand as
there is no boundary to integrate over the charge densities. This leads to an interesting conundrum:
bulk and “boundary” expressions of the charges may fail to give the same results. But, of course,
this is not possible and the resolution of the paradox comes from an apparently unexpected analysis
which was worked out in 1970s [106–111] and came to be well-understood by the beginning of 1980s
for Einstein’s gravity with compact Cauchy surfaces without a boundary. Here we shall explain
this issue without going into too much detail as the subject requires another review of its own.
The idea is the following: in certain nonlinear theories, such as Einstein’s gravity, perturba-
tion theory can fail for certain backgrounds. More concretely, if the background spacetime has a
compact Cauchy surface with at least one Killing vector field, then the linearized equations of the
nonlinear theory have more (spurious) solutions than the ones that can actually be obtained from
the linearization of exact solutions. Namely, h, the perturbed metric obtained as a solution to
linearized Einstein equations cannot be obtained from the linearization of an exact metric g. Such
a phenomenon is called linearization instability and it is completely different from a dynamical
instability in the sense that the former refers to the failure of the perturbative techniques about a
special exact solution while the latter refers to an actual instability of a given solution. Lineariza-
tion instability issue is a rather long and beautiful subject which deserves a separate discussion.
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See the recent work by Altas and Tekin [113] for references and the situation for generic gravity
theories in which novel forms of this phenomenon arise even for non-compact initial data surface.
Here, we would just like to allude to the subject and briefly explain the important issue of
nonvacuum solutions of a theory having exactly vanishing charges. Apparently, something like
that would mean that the vacuum is infinitely degenerate but this is a red-herring. Let us give
a simple example: Consider the Maxwell electrodynamics with charges and currents in not R1,3
but on R× S3 where we have compactified the space. Since there is no spatial boundary all fluxes
vanish and the total electric charge must be zero: but there can be dipoles etc. This is the global
picture, on the other hand, locally Maxwell equations admit solutions with apparently E ' q/r2
type electric fields which have non-zero charges. So, clearly such local solutions do not satisfy the
global integral constraint on the vanishing of the total electric charge. A similar, but due to the
nonlinearities of the theory, more complicated example was found in Einstein’s gravity by Brill and
Deser [106] who showed that on R × T 3, there are quadratic constraints on the perturbations h
that solve the linearized Einstein equation. The meaning of the constraints when carefully studied
is that R×T 3 is an isolated solution of Einstein’s equations which does not admit any perturbation
whatsoever. A perhaps better understanding of the linearization instability issue was achieved with
the help of the following vantage point mainly put forward by Fischer, Marsden, Moncrief, Arms
[107–111] and some others.
Let E be the set of solutions of Einstein’s equations, when does this set form a manifold? It
turns out this set has some conical structure, but in general, save these conical singularities, it
is an infinite dimensional manifold. The conical singularity arises exactly at metrics g that have
compact Cauchy surfaces and Killing fields. This is a necessary and sufficient condition. Since
the set of metrics that have symmetries on a given manifold is set of measure zero, linearization
stability is a generic property of Einstein’s equations [112].
To understand this issue more rigorously from a well-defined mathematical point of view, one
can split Einstein’s equations into the 3+1 form and study the constraints on a Cauchy surface Σ
and evolution equations off the surface. Such a splitting reduces the problem into an analysis of the
solution set of the constraints (as opposed to the full Einstein equations). The problem then reduces
to a problem in elliptic operator theory and can be stated as follows: given a solution γ¯ and K¯ to the
constraints (where γ¯ is the induced metric of the Cauchy surface and K¯ is the extrinsic curvature), is
this solution isolated or is there an open subset of solutions around this solution? Then, the question
reduces further to the linearization of the constraint equations around γ¯ and K¯, and eventually boils
down to checking the surjectivity of the linearized constraint operators. Surjectivity is required to
show that the tangent space around the given solution point has the correct dimensionality which
means the solution set being a manifold around that point. The problem is somewhat complicated
due to the gauge issues, but we now have a complete understanding of how and if perturbation
theory can fail in Einstein’s gravity. For the case of Einstein’s gravity without matter, we refer the
reader to [114] and with matter to [115].
The origin of the linearization instability in Einstein’s gravity is compactness of the Cauchy
surface and the Killing symmetries of it as noted above. For example, Minkowski spacetime with
its noncompact Cauchy surface is linearization stable [116]. On the other hand, for generic gravity
theories linearization instability can take place even for spacetimes that have noncompact Cauchy
surfaces. This is due to the fact that, as we have seen in the charge construction each rank two
tensor added to the Einstein tensor in the field equations bring a contribution to the conserved
charges in an additive manner; and hence, at certain parameter values of the theory, all the charges
at the boundary of the spatial hypersurface vanish while their bulk version do not for nonvacuum
solutions. This is a subtle point and requires a little bit of computation which we reproduce here
following [113]. Let Eµν [g] = 0 is a our generic covariant field equations which has the property
∇µEµν = 0. Let g¯ solve this equation and constitute the background about which we shall carry
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out perturbation theory. Defining
gµν = g¯µν + λhµν +
λ2
2 kµν , (201)
where λ is a small dimensionless parameter. Expanding the field equation to second order in λ,
one arrives at
E¯µν [g¯] + λE(1)µν [h] + λ2
(
E(2)µν [h] + E(1)µν [k]
)
+O
(
λ3
)
= 0. (202)
By definition, the first term is zero while the second one is set to zero to determine h. At order
O
(
λ2
)
, given h, if one can find a k, then the expansion is consistent. On the other hand, if such
a k does not exist, then one has an inconsistency. In this formulation, it is difficult to show that
there is or there is no k for every solution of the linearized field equations. Therefore, we can find
a global constraint on h without referring to k as follows. Given a Killing vector field ξ¯µ of the
background g¯, we can contract O
(
λ2
)
of (202) to get
ξ¯νE(2)µν [h] + ξ¯νE(1)µν [k] = 0, (203)
and integrate over Σ¯ to obtain
ˆ
Σ¯
dn−1y
√
γ¯Σ¯n¯µξ¯ν
(
Eµν(2) [h] + Eµν(1) [k]
)
= 0. (204)
The first term of this equation represents the so called Taub charge defined as
QTaub
[
ξ¯, h
]
:=
ˆ
Σ¯
dn−1y
√
γ¯Σ¯n¯µξ¯νEµν(2) [h] . (205)
The second term ξ¯νE(1)µν [k] can be written as
ξ¯
µE(1)µν [k] = c (αi,Λ) ∇¯µFEµν
[
ξ¯, k
]
+ ∇¯µFModµν
[
ξ¯, k
]
, (206)
where c (αi,Λ) is a constant that is function of the theory parameters αi and the effective cosmo-
logical constant Λ, the FEµν tensor is an antisymmetric tensor having the Einsteinian form
FEµν
[
ξ¯, k
]
:= ξ¯ν∇¯βKµανβ −Kµβνα∇¯β ξ¯ν , (207)
and FModµν is also an antisymmetric tensor determined by the higher derivative terms. For asymp-
totically AdS spacetimes, FModµν vanishes identically at the boundary, so FEµν is the only surviving
piece for the second term in (204) for not so fast decaying k. Then, (204) takes the form
QTaub
[
ξ¯, h
]
+ c (αi,Λ)
ˆ
∂Σ¯
dn−2z
√
γ¯(∂Σ¯)¯µν
(
ξ¯α∇¯βKµναβ −Kµβαν∇¯β ξ¯α
)
= 0. (208)
In general, this equation determines the second order perturbation k from the predetermined
first order perturbation h which is supposed to be found from the first order equation E(1)µν [h] = 0.
However, there are cosmological higher derivative theories for which the prefactor c (αi,Λ) vanishes
identically for certain choices of the parameters. This means that these theories have vanishing
conserved charges for all of their solutions. For these theories, which are commonly dubbed as
critical theories, (208) reduces to
QTaub
[
ξ¯, h
]
= 0, (209)
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which is nothing but a second order constraint on the already determined h. For the generic case,
it is very hard to satisfy this second order constraint for all h, and this would be an indication
of the failure of the perturbative scheme about the given AdS background, that is the theory
has linearization instability about its AdS solution. It is important to emphasize that we have
not assumed the compactness of the Cauchy surfaces; hence, for the case of critical theories, the
linearization instability may arise even for noncompact Cauchy surfaces.
Two explicit examples of this type of linearization instability for quadratic gravity in generic
dimensions and chiral gravity in three dimensions are given in [113].
Part II
CONSERVED CHARGES FOR EXTENDED
3D GRAVITIES: QUASI-LOCAL
APPROACH
X. INTRODUCTION
As we have noted already in Part I, to get fully gauge covariant or coordinate independent
expressions for conserved quantities, one has to carry out integrations over the boundary of space-
time. Even this was a subtle task, as we have shown that large gauge transformations can change
the value of the integrals. Given this fact, one still would like to find some meaningful integrals that
are not taken at infinity but at a finite distance from, say, a black hole. Such an approach would
be aptly called quasi-local and it produced very interesting results. For example, Wald showed
that diffeomorphism invariance of the theory leads to the entropy of bifurcate horizons [86], and
this result matches with that of the Bekenstein-Hawking area formula [117] for Einstein’s gravity
and some other theories. Therefore, even though at the moment, no satisfactory quasilocal formu-
lation of mass of a spacetime exists, one should not underestimate the usefulness of the quasi-local
approach especially in the context of black hole thermodynamics. We can also mention solution
phase space method introduced in [118], as a method which relaxes Wald integrations from the
asymptotic or horizon, in parallel with the quasi-local method in the ADT context. In what follows,
we shall review the quasi-local and off-shell extension of the ADT method and mostly apply these
to the 2+1 dimensional gravity theories that have received a great deal of interest in the recent
literature.
A nice detailed account of quasi-local approaches were given in the review [119]. For example,
one such approach is that of Brown and York [120] and this formalism is extended by introducing
counter terms for the case of asymptotically AdS spacetimes [14]. Also, higher derivative gravity
examples of such a method can be found in [121, 122]. An earlier quasi-local approach is that
of Komar [123]. Covariant quasi-local energy as Noether charge associated with some time-like
Killing vector in diffeomorphism-invariant actions has been developed by Iyer and Wald [124]. The
key idea is that one can always construct a Noether current which is conserved when the field
equations hold. Based on Barnich-Brandt-Henneaux uniqueness [125], one can deduce that this
mass is unique and can be defined on any codimension 2 surface that encloses the sources [126].
In the covariant phase space method which is based on the symplectic structure of the underlying
gravity theory, the conserved charges are calculated using the Noether potential [86, 124, 127, 128].
As noted above, via Wald’s formulation, black hole entropy is a conserved charge of diffeomorphism
invariance given that the Lagrangian is diffeomorphism invariant exactly not up to a boundary term.
When the Chern-Simons term is present in the action, the theory becomes diffeomorphism
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invariant only up to a boundary term, and hence, Wald’s formulation needs to be modified. This
was done by Tachikawa [129] and the result is that the black hole entropy is still a conserved
charge with modifications coming from the Chern-Simons term. There is an interesting connection
between the on-shell ADT density and the linearized Noether potential. Indeed, it is observed
that, at the asymptotic boundary, when the linearized potential around the background (which is
a solution for the equations of motion) is combined with the surface term, the result is the ADT
charge density [16, 126, 130, 131]. Although this connection is very interesting, it has been indirect
and has been shown to exist only in Einstein’s gravity. Recently, a non-trivial generalization of the
mentioned relation was presented in covariant and non-covariant theories of gravity [59, 132, 133].
This generalization was achieved by promoting the on-shell ADT charge density to the off-shell level.
By expressing the linearized Noether potential and combining it with the surface term, the relation
can be directly understood. By integrating from the ADT charge density along a single-parameter
path in the solution space, one obtains an expression for the quasi-local conserved charge which
is identical with the result coming from the covariant phase space method. This result confirms
that the extended off-shell ADT formalism is equivalent to the covariant phase space method at
the on-shell level.
As our applications will be mostly in the 2+1 dimensional gravity theories with the Chern-
Simons term, it turns out the first order formulation in terms of the dreibein and the spin connection
instead of the metric is more convenient. Therefore, we first start introducing the basic elements
of this formalism which can also be found in many gravity textbooks.
XI. CHERN-SIMONS-LIKE THEORIES OF GRAVITY
There is a class of gravitational theories in (2+1)-dimensions that are naturally expressed in
terms of first order formalism. Some examples of such theories are topological massive grav-
ity (TMG) [88], new massive gravity (NMG) [134], minimal massive gravity (MMG) [135], zwei-
dreibein gravity (ZDG) [136], generalized minimal massive gravity (GMMG) [137], etc. We shall
refer to all such theories as Chern-Simons-like theories of gravity [138].
A. First order formalism of gravity theories
Given a manifoldM with a metric g. One can work with the coordinate adapted basis for the
tangent space [139, 140]. {∂/∂xµ} and the cotangent space {dxµ} for which one has
gµν := g
(
∂
∂xµ
,
∂
∂xν
)
. (210)
But, instead of that, one can also work in a non-coordinate basis ea for the tangent space and ea
for the cotangent space in which the metric components are constant and one has
ηab = g (ea, eb) . (211)
The relation between these two basis vectors at each point of spacetime reads
ea = e µa
∂
∂xµ
, (212)
where e µa is an n× n matrix which is called the inverse vielbein. The inverse of (212) defines the
vielbein
∂
∂xµ
= eaµea. (213)
40
Then, one can write in a local patch
gµν = eaµebνηab. (214)
In this formulation, it is clear that besides the usual coordinate transformations, one has the local
Lorentz rotations which act on the so-called flat indices which we denoted by the Latin letters.
Determinant of metric g = det(gµν) is related to vielbein as
√−gεµ1···µn = εa1···anea1µ1 · · · eanµn (215)
where εµ1···µn and εa1···an denote Levi-Civita symbols. We can consider vielbein eaµ as an n × n
matrix. One can deduce from (215) that det
(
eaµ
)
= √−g therefore eaµ is invertible when spacetime
metric is non-singular. By assuming spacetime metric is non-singular then we can find invert of
vielbein eµa so that
eaµe
µ
b = δ
a
b and eµaeaν = δµν (216)
where δab and δµν denote Kronecker delta. Now consider the following transformation from one
vielbein to another
e˜aµ = Λabebµ, (217)
which is of course a local transformation. The requirement that the components of the spacetime
metric remain intact under such a transformation imposes the usual orthogonality condition
ΛcaηcdΛdb = ηab, (218)
which just says that Λab is an element of Lorentz group, i.e. Λ ∈ SO(n− 1, 1). Therefore, clearly
as an "internal transformation" among the dynamical fields of the theory, we can see this a gauge
transformation. Let us now move on to defining the proper derivative operations in this setting. Let
∇µ denote covariant derivative. If this derivative acts on a mixed tensor that has Lorentz indices,
the resulting object will not transform properly under the Lorentz transformations which can be
remedied by introducing a spin-connection ωabµ which plays the role of connection for Lorentz
indices. Therefore one can define the following (total) linear covariant derivative T µaνb as
∇(T )λ T µaνb = ∇λT µaνb + ωacµT µcνb − ωcbµT µaνc , (219)
The spin-connection is an invariant quantity under coordinate transformations so (219) is covariant
under the Lorentz gauge transformations provided that the spin-connection obeys the following
transformation for (217)
ω˜abµ = ΛacωcdµΛ db + Λac∂µΛ cb , (220)
where Λ ab =
(
Λ−1
)a
b. The metric-connection compatibility condition, ∇
(T )
λ gµν = 0, ensures that
one can use gµν and its inverse gµν to lower and raise coordinate indices. Similarly, in order to use
ηab and its inverse ηab to lower and raise the Lorentz indices we must impose ∇(T )λ ηab = 0 which is
satisfied for
ωabµ = −ωbaµ. (221)
The connection Γαµν can be decomposed into two parts as
Γαµν = Γˆαµν + Cαµν (222)
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where Γˆαµν is the Levi-Civita connection and Cαµν is the so called contorsion tensor defined as
Cαµν = Tαµν + T αµ ν + T αν µ. (223)
Here Tαµν = Γα[µν] is Cartan’s torsion tensor. It immediately follows that
Cα[µν] = Tαµν . (224)
which we shall use. The vielbein spin-connection compatibility condition reads
∇(T )µ eaν = ∂µeaν − Γαµνeaα + ωabµebν = 0, (225)
which guarantees the orthogonality relation when the vielbein is transported along a world line by
parallel transport. The condition (225)determines the spin-connection as
ωabµ = eaν∇µeνb. (226)
One can use (222) to recast (226):
ωabµ = Ωabµ + Caµb (227)
with
Ωabµ = eaν∇ˆµeνb (228)
where ∇ˆ denotes the covariant derivative with respect to the torsion-free connection Γˆ. Therefore,
Ωabµ is the torsion-free spin-connection. One can formulate Einstein’s gravity using (226) which
would amount to the second order formalism. Instead, if the vielbein and spin-connection are
taken as two independent dynamical fields, then the obtained formalism is called the first order
formulation.
Now let us define the following 1-forms: ea = eaµdxµ, ωab = ωabµdxµ, Ωab = Ωabµdxµ and
Cab = Caµbdxµ, so that we have ωab = Ωab + Cab. One can define an exterior Lorentz covariant
derivative (ELCD). Let Aab be a Lorentz-tensor-valued p-form, then one has
D(ω)Aab = dAab + ωac ∧ Acb − ωcb ∧ Aac (229)
where d denotes the exterior derivative. Since the spin-connection 1-form transforms as (220) under
gauge transformations, the ELCD is indeed Lorentz covariant. Curvature 2-form can be defined as
Rab(ω) = dωab + ωac ∧ ωcb (230)
and the torsion 2-form can be defined as
T a = D(ω)ea (231)
which are both Lorentz and coordinate invariant quantities. One can use (225) to show that (231)
can be written as T a = eaαΓαµνdxµ ∧ dxν . The Bianchi identities follow as
D(ω)Rab(ω) = 0, D(ω)T a(ω) = Rab(ω) ∧ eb. (232)
which will be play the role of the constraints in the theory.
Finally we can write the action of general relativity with a cosmological constant in n-dimensions
as a functional of the vielbein and the spin-connection
S[e, ω] =
ˆ
L[e, ω] (233)
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where L[e, ω] is the Lagrangian n-form which reads
LEC-Λ[e, ω] =
1
16piG
(
− εa1···anea1 ∧ · · · ∧ ean−2 ∧Ran−1an
+ Λ0
n! εa1···ane
a1 ∧ · · · ∧ ean
)
.
(234)
As usual, G and Λ0 are the Newton’s constant and the cosmological constant. This action is
explicitly invariant under the Lorentz gauge transformations and the diffeomorphisms as desired.
The relation between the curvature two form Rab(Ω) and the Riemann curvature tensor Rαβµν is
also useful to note
Rab(Ω) = 12e
a
αe
b
βRαβµνdxµ ∧ dxν (235)
which can be obtained by substituting (228) into (230) with ω = Ω.
B. Lorentz-Lie derivative and total variation
Let £ξ denote the Lie derivative along a vector field ξ. Lie derivative of a differential form, say
V , is given by £ξV = diξV + iξdV , where iξ denotes interior product with ξ. This Lie derivative of
a Lorentz tensor-valued p-form is not covariant under the discussed Lorentz gauge transformations.
Therefore we need to modify it.
Let λab be the generator of Lorentz gauge transformations Λab, i.e. Λ = exp(λ). Then we define
the Lorentz-Lie derivative (LL-derivative) of a Lorentz tensor-valued p-form Aab as [141]
LξAab = £ξAab + λ aξ cAcb − λ cξ bAac . (236)
This derivative is under the Lorentz gauge transformations when λ aξ b transforms like a connection:
λ˜ξ = ΛλξΛ−1 + Λ£ξΛ−1. (237)
The generator of the Lorentz gauge transformation λ is an arbitrary function of coordinates. One
can see from (237) that the change of λ, under infinitesimal Lorentz gauge transformations, is given
by δλ = −£ξλ. Therefore, λ is expected to be a function of ξ, i.e. λ = λξ(x). Now, we impose
a compatibility condition so that the LL-derivative of the Minkowski metric ηab vanishes. This
condition implies that λξ must be anti-symmetric, that is λabξ = −λbaξ .
Consider two variations δD and δL as variations due to the diffeomorphisms and the infinitesimal
Lorentz gauge transformations, respectively. δD is generated by a vector field ξ and it is equal to
the Lie derivative along ξ, i.e. for a Lorentz tensor-valued p-form Aab we have δDAab = £ξAab
[124, 142]. Since Aab transforms as
A˜ab = Λac(Λ−1)dbAcd, (238)
under the Lorentz gauge transformations, the variation of a Lorentz tensor-valued p-form induced
by this generator is
δLAab = λ aξ cAcb − λ cξ bAac . (239)
We can introduce the total variation induced by a vector field ξ as δξ = δD + δL. Clearly, the total
variation of a Lorentz tensor-valued p-form is equal to its LL-derivative :
δξAab = LξAab . (240)
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The spin-connection is invariant under the diffeomorphisms, hence one has δDωab = Lξωab. But
since the spin-connection transforms like (220) under the Lorentz gauge transformations, therefore
δLω
a
b = λ aξ cωcb − λ cξ bωac − dλ aξ b. (241)
Therefore its total variation is
δξω
a
b = Lξωab − dλ aξ b. (242)
The extra term in (242) comes from the transformation of the spin-connection under the Lorentz
gauge transformations. The total variation of ea and ωab are covariant under the Lorentz gauge
transformations as well as the diffeomorphisms.
C. Gravity in three dimensions
It is convenient to use a 3 dimensional vector algebra notation for the Lorentz vectors in which
contractions with ηab and εabc are denoted by dots and crosses, respectively. From now on, we
drop the wedge product for simplicity. One can work with the dual spin-connection and the dual
curvature 2-form which are defined as
ωa = 12ε
a
bcω
bc, Ra = 12ε
a
bcR
bc. (243)
In this way, (227) becomes
ωa = Ωa + ka (244)
where
Ωa = 12ε
a
bcΩbc =
1
2e
a
α
α
νβe
β
c∇ˆµecνdxµ (245)
and
ka = 12ε
a
bcC
bc = 12e
a
σ
σαβCαµβdx
µ (246)
are the dual torsion-free spin-connection and the dual contorsion 1-forms, respectively. The dual
curvature 2-form and torsion 2-form can be written in terms of the dreibein and dual spin-
connection as
R(ω) = dω + 12ω × ω, (247)
T (ω) = D(ω)e = de+ ω × e. (248)
One can use (244) to relate the torsion 2-form with the dual contorsion 1-form in 3 dimensions:
T (ω) = k × e. (249)
where we used the fact that Ω is the torsion-free dual spin-connection, for which we have T (Ω) = 0.
Then, as before, the Lagrangian 3-form of cosmological Einstein’s gravity reads
LEC-Λ = −e ·R(ω) + Λ06 e · e× e, (250)
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Bianchi identities (232) for 3 dimensions become
D(ω)R(ω) = 0, D(ω)T (ω) = R(ω)× e. (251)
Up to a boundary term, the GR action can be written as a CS theory both with no dynamical
degrees of freedom in the bulk relativity [104, 143]. The CS action is defined as
SCS[A] =
k
4pi
ˆ
tr
(
AdA + 23AAA
)
(252)
where k = 14G is the CS-level and A = eaPa + ωaJa is a Lie algebra valued connection 1-form. Pa
and Ja satisfy the algebra
[Pa,Pb] = −Λ0εabcJc, [Pa,Jb] = εabcPc, [Ja,Jb] = εabcJc, (253)
which corresponds to the Lie algebras so(2, 2), so(3, 1) and iso(2, 1) for Λ0 < 0, Λ0 > 0 and Λ0 = 0,
respectively. The trace denotes a non-degenerate bilinear form on the algebra normalized as
tr(PaJb) = ηab, tr(PaPb) = tr(JaJb) = 0. (254)
Now we consider the negative cosmological constant case for which we write Λ0 = − 1l2 , where lis
the radius of AdS3. so(2, 2) is isomorphic to sl(2,R) × sl(2,R). Therefore, the generators of two
sl(2,R) algebras are related to Pa and Ja as
J±a =
1
2 (Ja ± lPa) . (255)
This identification diagonalizes the algebra as[
J±a ,J±b
]
= εabcJ±c,
[
J+a ,J−b
]
= 0, (256)
and the traces become
tr(J±a J±b ) = ±
1
2ηab, tr(J
+
a J−b ) = 0. (257)
One has (up to a boundary term)
SEC-Λ[e, ω] = SCS[A+]− SCS[A−] (258)
where the gauge fields are given as
A± = A±aJa (259)
with the components
A±a = ωa ± 1
l
ea. (260)
Note that, in (259), Ja is in fact J+a and we dropped the superscript plus for simplicity. Moreover
in (258), the CS-level is k = l4G , which is a dimensionless quantity. Hence the to dimensionful
parameters in Einstein’s gravity (G, l) combine to make a dimensionless parameter in the Chern-
Simons formulations.
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D. Chern-Simons-like theories of gravity as the general
As alluded before, one can formulate a class of gravity theories in terms of ea, ωa and some
Lorentz vector valued 1-form auxiliary fields (for instance, ha, fa and so on). The Lagrangian
3-form of such theories is defined as
L = 12 g˜rsa
r · das + 16 f˜rsta
r · as × at, (261)
where ara = araµdxµ are Lorentz vector-valued one-forms, where r = 1, ..., N refers to the flavor
index. g˜rs is a symmetric constant metric in flavor space and f˜rst is the totally symmetric "flavor
tensor". Note that in this notation ara denotes a collection of dreibein, dual spin-connection and
the auxiliary fields. The Lagrangian contains terms like f · R = f · dω + 12f · ω × ω, f ·D(ω)h =
f ·dh+ω ·f ×h, ω ·dω+ 12ω ·ω×ω. It can be seen that all of these combinations obey the equation
f˜ωrs = g˜rs. From (240) and (242) one can work out the total variation of ara which yields
δξa
ra = Lξara − δrωdχaξ , (262)
where δrs is the Kronecker delta and we introduced
χaξ =
1
2ε
a
bcλ
ab
ξ (263)
Total variations of the dreibein ea, the dual spin connection ωa and a generic Lorentz vector-valued
1-form ha follow along the similar lines:
δξe = D(ω)iξe+ iξT (ω) + (χξ − iξω)× e, (264)
δξω = iξR(ω) +D(ω)(iξω − χξ), (265)
δξh = D(ω)iξh+ iξD(ω)h+ (χξ − iξω)× h, (266)
where we have made use of (262) and (236). Plugging (244) and (249) into (264)-(266), one arrives
at somewhat reduced forms of the these total variations
δξe = D(Ω)iξe+ (χξ − iξΩ)× e, (267)
δξΩ = iξR(Ω) +D(Ω)(iξΩ− χξ), (268)
δξh = D(Ω)iξh+ iξD(Ω)h+ (χξ − iξΩ)× h, (269)
On the other hand, the total variation of ara is covariant under the Lorentz gauge transformations
and diffeomorphisms. Finally, the Lagrangian 3-form (260) varies as a total derivative part and
field equation part:
δL = δar · Er + dΘ(a, δa), (270)
where the field equation part reads
E ar = g˜rsdasa +
1
2 f˜rst(a
s × at)a, (271)
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and the surface part reads
Θ(a, δa) = 12 g˜rsδa
r · as. (272)
Setting δ in (270) to be the total variation δξ, one arrives at
δξL = Lξar · Er + dΘ(a,Lξa)− dχξ · Eω − d
(1
2 g˜ωrdχξ · a
r
)
, (273)
where we made use of (262). On the other hand, the LL-derivative of the Lagrangian 3-form can
be computed to be
LξL = Lξar · Er + dΘ(a,Lξa) + 12 g˜rsa
r · [Lξ, d] as, (274)
where [Lξ, d] = Lξd− dLξ. The exterior derivative and the LL-derivative do not commute, in fact
the commutator yields
[Lξ, d] ar = −dχξ × ar. (275)
Using (273),(274) and (275), one finds
δξL− LξL = d
(1
2 g˜ωrdχξ · a
r
)
+ 12
(
g˜rs − f˜ωrs
)
dχξ · ar × as. (276)
All the interesting theories of this type has g˜rs = f˜ωrs. Using this, the total variation of the
Lagrangian induced by the diffeomorphism generator ξ can be written as a total derivative term
δξL = LξL+ dψξ = d (iξL+ ψξ) , (277)
where
ψξ(a) =
1
2 g˜ωrdχξ · a
r. (278)
The Lagrangian is not invariant under general coordinates transformations and/or general Lorentz
gauge transformations, but since the total variation is written as a surface term (277), ξ is an
infinitesimal symmetry of the theory: as the field equations that follow from these variations are
generally covariant. This was a general discussion, it turns out for some models ψξ vanishes and we
refer to them as the Lorentz-diffeomorphism covariant theories because they are globally covariant
under the Lorenz gauge transformations as well as diffeomorphisms.
XII. SOME EXAMPLES OF CHERN-SIMONS-LIKE THEORIES OF GRAVITY
Here, we will discuss briefly some examples of the above construction. Further examples can be
found in [144].
A. Example.1: Einstein’s gravity with a negative cosmological constant
In this case (248) one has Λ0 = −l−2, ar = {e, ω} and the nontrivial components of flavor metric
and the tensor are
g˜eω = −1, f˜eee = − 1
l2
. (279)
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The field equations (270) reduce to
R(ω) + 12l2 e× e = 0, (280)
T (ω) = 0. (281)
The last equation is the torsion-free condition and hence ω = Ω and (280) becomes
R(Ω) + 12l2 e× e = 0. (282)
Therefore solutions of Einstein gravity with negative cosmological constant must satisfy (282).
1. Banados-Teitelboim-Zanelli black hole
We discussed the BTZ black hole before, but here we rewrite the metric in a slightly different
form as
ds2 =−
(
r2 − r2+
) (
r2 − r2−
)
l2r2
dt2 + l
2r2(
r2 − r2+
) (
r2 − r2−
)dr2
+ r2
(
dφ− r+r−
l2r2
)2
,
(283)
where r± are outer/inner horizon radii, respectively. The dreibeins can be chosen as
e0 =
(
(r2 − r2+)(r2 − r2−)
l2r2
) 1
2
dt
e1 = r
(
dφ− r+r−
lr2
dt
)
e2 =
(
l2r2
(r2 − r2+)(r2 − r2−)
) 1
2
dr.
(284)
By substituting (284) into (282), one can check that the dreibeins (284) solve the field equations.
B. Example.2: Minimal Massive Gravity
For minimal massive gravity (MMG) [135], we need three flavors of one-forms ar = {e, ω, h},
where h is an auxiliary 1-form field. Also, the non-zero components of the flavor metric and the
flavor tensor are
g˜eω = −σ, g˜eh = 1, g˜ωω = 1
µ
, f˜eee = Λ0
f˜eωω = −σ, f˜ehω = 1, f˜ωωω = 1
µ
, f˜ehh = α,
(285)
where σ, is ± and Λ0, µ and α denote the cosmological parameter with dimension of mass squared,
the mass parameter of the Lorentz Chern-Simons term and a dimensionless parameter, respectively.
The field equations (270) become
− σR(ω) + Λ02 e× e+D(ω)h+
α
2 h× h = 0, (286)
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− σT (ω) + 1
µ
R(ω) + e× h = 0, (287)
T (ω) + αe× h = 0. (288)
The last equation says that this is not a torsion-free theory but we can introduce the following
connection
ω = Ω− αh, (289)
to obtain T (Ω) = 0 hence Ω is the torsion-free spin-connection. It is easy to show that (286) and
(287) are equivalent to the following equations
R(Ω) + αΛ02 e× e+ µ(1 + σα)
2e× h = 0, (290)
D(Ω)h− α2 h× h+ σµ(1 + σα)e× h+
Λ0
2 e× e = 0, (291)
Assuming that (1+σα) 6= 0, (290) and (291) can be solved (see [135]). In components, (290) yields
haµ = −
1
µ(1 + σα)2
[
Saµ +
αΛ0
2 e
a
µ
]
, (292)
where Sµν is 3D Schouten tensor
Sµν = Rµν − 14gµνR. (293)
By plugging (293) into (291), one recovers the field equations of MMG in terms of the metric
tensor gµν . The BTZ black hole, as a locally AdS3 metric, is a solution of MMG6. Note that MMG
reduces to TMG for α = 0.
C. Example.3: New Massive Gravity
New massive gravity (NMG) was introduced in [134] and it needs four flavors of one-forms
ar = {e, ω, h, f} to be described in the first-order formalism.7 Here, the nonzero components of
the flavor metric and the flavor tensor can be found as
g˜eω = −σ, g˜ωf = − 1
m2
, g˜eh = 1,
f˜eωω = −σ, f˜fωω = − 1
m2
, f˜ehω = 1,
f˜eee = Λ0, f˜eff = − 1
m2
,
(294)
Plugging these into (270), one arrives at the field equations
− σR(ω) + Λ02 e× e+D(ω)h−
1
2m2 f × f = 0, (295)
6 In [145], MMG was studied using the Hamiltonian formalism.
7 In [146], by using the Hamiltonian formalism, the canonical structure of NMG was discussed in warped AdS3
sector, and the charges of warped black holes were constructed.
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− σT (ω)− 1
m2
D(ω)f + e× h = 0, (296)
− 1
m2
(R(ω) + e× f) = 0, (297)
T (ω) = 0, (298)
where the last equation (298) yields ω = Ω, and hence the connection is torsion-free. The auxiliary
fields f and h can be found from (297) and (296) as
fa = −Sa, ha = − 1
m2
Ca. (299)
Here, Cµν is the Cotton tensor.
1. Rotating Oliva-Tempo-Troncoso black hole as a solution of new massive gravity
The NMG admits two maximally symmetric spacetimes which degenerates into one if the fol-
lowing tuning is made [134]
σ = 1, m2 = 12l2 , Λ0 = −
1
2l2 . (300)
In this limit, there arises a new black hole solution the so called rotating Oliva-Tempo-Troncoso
(OTT) spacetime [51, 147, 148] with the metric
ds2 = −N(r)2F (r)2dt2 + F (r)−2dr2 + r2
(
dφ+Nφ(r)dt
)2
, (301)
where the metric functions are given as
F (r) = H(r)
r
√
H(r)2
l2
+ b2H(r)(1 + η) +
b2l2
16 (1− η)
2 − µη,
N(r) = 1 + bl
2
4H(r)(1− η),
Nφ(r) = l2r2
√
1− η2 (µ− bH(r)) ,
H(r) =
√
r2 − µl
2
2 (1− η)−
b2l4
16 (1− η)
2.
(302)
Here, µ, b, and η are free parameters, and for the particular case of η = 1, the solution is static.
For the case of b = 0, the solution reduces to the rotating BTZ black hole [83]. The dreibeins can
be chosen as
e0 = N(r)F (r)dt, e1 = F (r)−1dr, e2 = r
(
dφ+Nφ(r)dt
)
. (303)
Note that this is a locally conformally flat solution; and hence, the Cotton tensor vanishes identi-
cally.
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D. Example.4: Generalized Massive Gravity
Generalized massive gravity was introduced in [82], and elaborated more in [149]. It also needs
four flavor of one-forms, ar = {e, ω, h, f}, and the nonvanishing components of the flavor metric
and the flavor tensor are
g˜eω = −σ, g˜eh = 1, g˜fω = − 1
m2
, g˜ωω =
1
µ
,
f˜eωω = −σ, f˜ehω = 1, f˜fωω = − 1
m2
, f˜ωωω =
1
µ
,
f˜eee = Λ0, f˜eff = − 1
m2
.
(304)
Again, the theory is torsion-free and the auxiliary fields h and f can be solved as
ha = − 1
µ
Sa − 1
m2
Ca, fa = −Sa. (305)
E. Example.5: Generalized Minimal Massive Gravity
Generalized minimal massive gravity was introduced in [137] as a model which is free of the
negative-energy bulk modes, and the Hamiltonian analysis showed that it does not have a Boulware-
Deser ghost at the nonlinear level; hence, the theory propagates two healthy physical degrees of
freedom. Just like the above two cases, it is described by four flavor of one-forms, and the nonzero
components of the flavor metric and the flavor tensor are
g˜eω = −σ, g˜eh = 1, g˜fω = − 1
m2
, g˜ωω =
1
µ
,
f˜eωω = −σ, f˜ehω = 1, f˜fωω = − 1
m2
, f˜ωωω =
1
µ
,
f˜eee = Λ0, f˜ehh = α, f˜eff = − 1
m2
.
(306)
For α = 0, the theory reduces to the general massive gravity case. Plugging (306) into (261), one
arrives at the Lagrangian of the theory
L =− σe ·R(ω) + Λ06 e · e× e+
1
2µ
(
ω · dω + 13ω · ω × ω
)
− 1
m2
(
f ·R+ 12e · f × f
)
+ h · T (ω) + α2 e · h× h,
(307)
up to a total derivative. The field equations becomes
Ee = −σR(ω) + Λ02 e× e+D(ω)h−
1
2m2 f × f +
α
2 h× h = 0, (308)
Eω = −σT (ω) + 1
µ
R(ω)− 1
m2
D(ω)f + e× h = 0, (309)
Ef = − 1
m2
(R(ω) + e× f) = 0, (310)
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Eh = T (ω) + αe× h = 0. (311)
The last equation is similar to (288); therefore, we can use a torsion-free spin connection to recast
the field equations as
− σR(Ω) + (1 + σα)D(Ω)h− 12α(1 + σα)h× h+
Λ0
2 e× e−
1
2m2 f × f = 0, (312)
− e× f + µ(1 + σα)e× h− µ
m2
D(Ω)f + µα
m2
h× f = 0, (313)
R(Ω)− αD(Ω)h+ 12α
2h× h+ e× f = 0, (314)
General solution for the auxiliary fields is nontrivial to find; therefore, in the next section we shall
consider certain specific solutions.
1. Solutions of Einstein gravity with negative cosmological constant
Here, we will show that all Einstein metrics solve the field equations of generalized minimal
massive gravity. For this purpose, we consider the following ansatz for auxiliary fields
fa = Fea, ha = Hea, (315)
which reduce the equations (312)-(314) to
σ
l2
− α(1 + σα)H2 + Λ0 − F
2
m2
= 0, (316)
− 1
µl2
+ 2(1 + σα)H + 2α
m2
FH + α
2
µ
H2 = 0, (317)
− F + µ(1 + σα)H + µα
m2
FH = 0. (318)
This set of equations can be solved to arrive at
l2± =
[
α2H2 + 2σm2 ± 2
√
m2 (σ2m2 − αH2 + Λ0)
]−1
, (319)
F± = σm2 ±
√
m2 (σ2m2 − αH2 + Λ0), (320)
where H satisfies an algebraic equation as
− Λ0m4 + 2µm2
[
αΛ0 − σm2(1 + ασ)
]
H
+
[
µ2m2(1 + ασ)(1 + 3ασ) + α
(
m4 − αµ2Λ0
)]
H2
− 2µα2m2H3 + µα3H4 = 0.
(321)
with the following conditions on the roots
H2 ≤ α−1
(
σ2m2 + Λ0
)
for α > 0,
H2 ≥ α−1
(
σ2m2 + Λ0
)
for α < 0,
(322)
Here, l2, H and F are real since they appear in physical quantities.
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2. Warped black holes
The spacelike warped AdS3 black hole is described by the metric [150]
ds2
l2
= −N(r)2dt2 + dr
2
4N(r)2R(r)2 +R(r)
2
(
dφ+Nφ(r)dt
)2
, (323)
with the metric functions
R(r)2 =14ζ
2r
[(
1− ν2
)
r + ν2 (r+ + r−) + 2ν
√
r+r−
]
,
N(r)2 =ζ2ν2 (r − r+) (r − r−)4R(r)2 , N
φ(r) = |ζ| r + ν
√
r+r−
2R(r)2 ,
(324)
where r± are outer/inner horizon radii, respectively. To keep the same convention as [23, 151–153]8,
we used the parameters ζ and ν. The isometry group of this metric is SL(2,R) × U(1). One can
introduce a symmetric-two tensor Tµν as [154]
Tµν = a1gµν + a2JµJν , (325)
with J = Jµ∂µ = ∂t and JµJµ = l2. One also has
∇ˆµJν = |ζ|2l µνλJ
λ. (326)
One can compute the Ricci tensor and scalar curvature as
Rµν = ζ
2
2l2
(
1− 2ν2
)
gµν − ζ
2
l4
(
1− ν2
)
JµJν , (327)
R = ζ
2
2l2
(
1− 4ν2
)
. (328)
The dreibeins can be chosen as
e0 =lN(r)dt,
e1 = l2R(r)N(r)dr,
e2 =lR(r)
(
dφ+Nφdt
)
.
(329)
Now, one can consider the following ansatz for auxiliary fields
haµ =H1eaµ +H2JaJµ,
faµ =F1eaµ + F2JaJµ,
(330)
where H1, H2, F1, F2 are constants, and Ja = eaµJµ. Using the equations (326)-(330), the field
equations of the generalized minimal massive gravity reduce to
ζ2
4l2 −
1
2αl |ζ|H2 − α
2H1
(
H1 + l2H2
)
−
(
2F1 + l2F2
)
= 0, (331)
8 For further discussion, see [150].
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− ζ
2
l4
(
1− ν2
)
+ 3α2l |ζ|H2 + α
2H1H2 + F2 = 0, (332)
1
µ
(
2F1 + l2F2
)
− (1 + ασ)
(
2H1 + l2H2
)
− l2m2 |ζ|F2
− α
m2
[
2H1F1 + l2 (H1F2 +H2F1)
]
= 0,
(333)
− 1
µ
F2 + (1 + ασ)H2 +
3
2lm2 |ζ|F2 +
α
m2
(H1F2 +H2F1) = 0, (334)
− ζ
2
4l2σ +
1
2 (1 + ασ) l |ζ|H2 + α (1 + ασ)H1
(
H1 + l2H2
)
− Λ0 + 1
m2
F1
(
F1 + l2F2
)
= 0,
(335)
ζ2
l4
(
1− ν2
)
σ − 32l (1 + ασ) |ζ|H2 − α (1 + ασ)H1H2 −
1
m2
F1F2 = 0. (336)
As a result, the metric (323) provides a solution to generalized minimal massive gravity when the
parameters satisfy equations (331)-(336). More details are given in Appendix B.
XIII. EXTENDED OFF-SHELL ADT CURRENT
Historically, Regge and Teitelboim were the pioneers who showed that it is possible to write
the charges as boundary terms in gravity theories [9, 155]. Arnowitt, Deser, and Misner (ADM)[3]
then introduced a way to associate a conserved mass for an asymptotically flat spacetime in gen-
eral relativity. Their construction was generalized to the asymptotically AdS spacetimes for the
cosmological Einstein’s gravity [4, 156]. In a further development Deser and Tekin generalized the
ADM’s construction to all extended theories of gravity with many powers of curvature and we have
discussed these developments in the first part of this work [5, 6, 74]. It is worth to mention that
Iyer and Wald [124], before the work by Deser and Tekin, found an expression for the conserved
quantities in any generally covariant theory of gravity based on [127]. The original ADM mass is
not explicitly covariant in the sense that the expression is written in Cartesian coordinates, but it
is known to be covariant (coordinate independent, modulo the proper decay conditions discussed
before). The ADT formalism is explicitly covariant and in this sense, extends the ADM mass to
any viable coordinate system and more over it also incorporates the conserved angular momenta.
The authors of [59] extended ADT formalism to the off-shell level, in any diffeomorphism-invariant
theory of gravity. They have extended this work to a theory of gravity containing a gravitational
Chern-Simons term in [132] in the metric formulation. In what follows the off-shell ADT method
will be constructed in the first order formalism.
The variation of the Lagrangian (270) can be generated by a vector field ξ as
δξL = δξar · Er + dΘ(a, δξa). (337)
We assume that ξ is a function of the dynamical fields a and x, that is ξ = ξ(a, x). Using (262)
and (277) in (337), after a somewhat lengthy computation whose details are given in C, one arrives
dJξ = (iξω − χξ) ·
(
D(ω)Eω + e× Ee + ar′ × Er′
)
+ iξar
′ ·D(ω)Er′ − iξD(ω)ar′ · Er′
+ iξe ·D(ω)Ee − iξT (ω) · Ee − iξR(ω) · Eω,
(338)
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with
Jξ = Θ(a, δξa)− iξL− ψξ + iξar · Er − χξ · Eω. (339)
Here, r′ does not run over the flavors e and ω. Note that dJξ becomes zero since it is simply the
linear combination of Bianchi identities given in (251) [127].
Let us elaborate on this point. Consider a generic action for a Chern-Simons like gravity theory
S =
´
M L having the variation
δξS =
ˆ
M
δξL =
ˆ
M
[δξar · Er + dΘ(a, δξa)] , (340)
which can be put in the form
ˆ
∂M
Jξ =
ˆ
M
[
(iξω − χξ) · (D(ω)Eω + e× Ee + ar′ × Er′)
+ iξar
′ ·D(ω)Er′ − iξD(ω)ar′ · Er′
+ iξe ·D(ω)Ee − iξT (ω) · Ee − iξR(ω) · Eω
]
.
(341)
Assuming vanishing fields on the boundary ∂M, one has
0 =
ˆ
M
[
(iξω − χξ) · (D(ω)Eω + e× Ee + ar′ × Er′)
+ iξar
′ ·D(ω)Er′ − iξD(ω)ar′ · Er′
+ iξe ·D(ω)Ee − iξT (ω) · Ee − iξR(ω) · Eω
]
.
(342)
To have a vanishing integral for arbitrary diffeomorphism generator ξ, the integrand which is
proportional to ξ must vanish as a result of Bianchi identities; and hence, this yields
dJξ = 0. (343)
Jξ is an off-shell Noether conserved current that can be written in an exact form as
Jξ = dKξ, (344)
where Kξ is the off-shell Noether potential given as
Kξ =
1
2 g˜rsiξa
r · as − g˜ωsχξ · as. (345)
As we discussed in Sec. XID, Chern-Simons like gravity theories are not Lorentz covariant, so
the surface term (272) is not a Lorentz covariant quantity, and one has
δξΘ(a, δa) = LξΘ(a, δa) + Πξ(a, δa), (346)
with
Πξ(a, δa) =
1
2 g˜ωrdχξ · δa
r, (347)
using the fact that the difference of two dual spin-connections is a Lorentz vector-valued 1-form,
that is δξδωa = Lξδωa. To find the linearized off-shell conserved current, one needs the variation
of (339) as
dδKξ =δΘ(a, δξa)− iξδL− δψξ + iξδar · Er + iξar · δEr − χξ · δEω
− iδξL+ iδξar · Er − χδξ · Eω,
(348)
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where we used δχξ = χδξ as χξ is linear in ξ. Then, having ξ → δξ in (339) yields
− iδξL+ iδξar · Er − χδξ · Eω = dKδξ −Θ(a, δδξa) + ψδξ. (349)
In addition, taking the interior product of (270) in ξ yields
iξδL = iξδar · Er − δar · iξEr + iξdΘ(a, δa). (350)
Furthermore, the LL-derivative of Θ(a, δa) is equal to its ordinary Lie derivative as it has no free
Lorentz index, and one has
iξdΘ(a, δa) = δξΘ(a, δa)− diξΘ(a, δa)−Πξ(a, δa), (351)
from (346). Using (350) and (351), (348) takes the form
d [δKξ −Kδξ − iξΘ(a, δa)] =δΘ(a, δξa)− δξΘ(a, δa)−Θ(a, δδξa)
+ δar · iξEr + iξar · δEr − χξ · δEω,
(352)
where we also used the explicit forms of ψξ and Πξ given in (278) and (347), respectively. Now,
one can define the extended off-shell ADT current as [157]
JADT (a, δa, δξa) =δar · iξEr + iξar · δEr − χξ · δEω
+ δΘ(a, δξa)− δξΘ(a, δa)−Θ(a, δδξa).
(353)
Here, note that from the explicit form of Θ(a, δξa) given in (272), the last line of JADT becomes
δΘ(a, δξa)− δξΘ(a, δa)−Θ(a, δδξa) = g˜rsδξar · δas. (354)
Then, assuming that ξ is a Killing vector field for which δξar = 0, and if the field equations are
satisfied, that is Er = 0, the extended off-shell ADT current reduces to JADT = iξar · δEr which is
the on-shell ADT current given in [4–6, 74, 156].
Now, let us study some special cases which shed light on JADT definition. Consider the case
where the ξ is a Killing vector field, then one can define the off-shell ADT current
J˜ADT (a, δa, δξa) = δar · iξEr + iξar · δEr − χξ · δEω, (355)
whose analog in metric formalism was given in [59, 132]. Taking the exterior derivative of J˜ADT
yields
dJ˜ADT = δξar · δEr − δar · δξEr, (356)
which implies J˜ADT is conserved, and one can have the exact from
δξa
r · δEr − δar · δξEr = −d (g˜rsδξar · δas) = −dJ∆. (357)
With this result, one can write JADT as
JADT = J˜ADT + J∆. (358)
For another special case, if the field equations and their linearizations are assumed to be satisfied,
then JADT becomes the symplectic current [86, 124, 127, 128, 158]
ΩLW(a, δa, δξa) = δΘ(a, δξa)− δξΘ(a, δa)−Θ(a, δδξa). (359)
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implying that JADT is the appropriate off-shell extension of the on-shell ADT current so that ξ is
an asymptotic symmetry. In the metric formalism, the analog of JADT was given in (353).
It is also possible to define an associated extended off-shell ADT charge as
QADT(a, δa, δξa) = δKξ −Kδξ − iξΘ(a, δa), (360)
which defines quasi-local conserved charge for the (asymptotic) Killing vector field ξ. Note that
(352) can be written as
JADT(a, δa; ξ) = dQADT(a, δa; ξ), (361)
in terms of QADT definition.
Lastly, let us clarify that the variations δ and δξ do not commute in general by considering the
action of (δδξ − δξδ) on ar as
(δδξ − δξδ)ar = (Lξδar + Lδξar − δrωdχδξ)− (Lξδar)
= δδξar,
(362)
where again we used δξδωa = Lξδωa. Note that the commutator of the two variations vanishes
when ξ does not depend on the dynamical fields.
XIV. OFF-SHELL EXTENSION OF THE COVARIANT PHASE SPACE METHOD
In this section, we define the Lee-Wald symplectic current [86, 124, 127–129, 158] in the first
order formalism. For diffeomorphism covariant theories, the symplectic current was introduced in
[127] while the generalization to noncovariant theories was carried out in [129]. As we discussed
above, since the total variation is covariant, the covariant phase space method can be used to
obtain conserved charges for the gravity theories formulated in the first order formalism.
To derive Lee-Wald symplectic current, let us consider the commutator δ[1,2] of two arbitrary
variations δ1 and δ2 acting on the Lagrangian. The second variations of the Lagrangian simply
become
δ1δ2L = δ1δ2ar · Er + δ2ar · δ1Er + dδ1Θ(a, δ2a), (363)
δ2δ1L = δ2δ1ar · Er + δ1ar · δ2Er + dδ2Θ(a, δ1a), (364)
by using (270), that is δL = δar ·Er + dΘ(a, δa); and then, the commutator of δ1 and δ2 takes the
form
δ[1,2]L =δ[1,2]ar · Er + δ2ar · δ1Er − δ1ar · δ2Er
+ d [δ1Θ(a, δ2a)− δ2Θ(a, δ1a)] .
(365)
In addition, using (270), one can also have
δ[1,2]L = δ[1,2]ar · Er + dΘ(a, δ[1,2]a). (366)
Using the two forms of δ[1,2]L, one can have
dΩLW(a; δ1a, δ2a) = δ1ar · δ2Er − δ2ar · δ1Er, (367)
where the Lee-Wald symplectic current ΩLW(a; δ1a, δ2a) is defined as
ΩLW(a; δ1a, δ2a) = δ1Θ(a, δ2a)− δ2Θ(a, δ1a)−Θ(a, δ[1,2]a). (368)
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Note that the symplectic current is conserved when ar and δar satisfy the field equations and the
linearized field equations, respectively. For Chern-Simons like theories of gravity, the symplectic
current can be written in the form
ΩLW(a; δ1a, δ2a) = g˜rsδ2ar · δ1as, (369)
which is closed, skew-symmetric, and nondegenerate.
Now, let us set δ1 = δ and δ2 = δξ, so the commutator becomes δ[1,2] = δδξ and it vanishes when
ξ does not depend on the dynamical fields. For this case, (368) and (369) becomes equal to (359)
and (354), respectively. With this identification of the two variations, dΩLW is
dΩLW(a; δa, δξa) = δar · δξEr − δξar · δEr, (370)
so one has dΩLW = dJ∆ which yields
J∆ = ΩLW(a; δa, δξa) + dZξ(a, δa), (371)
where Zξ(a, δa) is an arbitrary 1-form. One can use this result in JADT = J˜ADT +J∆ and compare
the final form with the extended off-shell ADT current JADT given in (371) to find that Zξ(a, δa)
is simply zero. Then, JADT has the final form in terms of the Lee-Wald symplectic current as
JADT = J˜ADT + ΩLW(a; δa, δξa). (372)
Note that JADT reduces to the off-shell ADT current when ξ is a Killing vector field. Furthermore,
if the field equations and the linearized field equations are satisfied, then JADT reduces to ΩLW as
expected.
XV. QUASI-LOCAL CONSERVED CHARGE
In this section, we define quasi-local conserved charges with the basic assumption that the space-
time is globally hyperbolic. The quasi-local charge perturbation for a diffeomorphism generator ξ
can be defined as
δQ(ξ) = − 18piG
ˆ
V
JADT (a, δa; ξ), (373)
where V ⊆ C for a Cauchy surface C. Using (361) and Stokes’ theorem, one can have
δQ(ξ) = − 18piG
ˆ
Σ
QADT (a, δa; ξ), (374)
or, using the definition of QADT , one explicitly has
δQ(ξ) = − 18piG
ˆ
Σ
[δKξ −Kδξ − iξΘ(a, δa)] , (375)
where Σ is the boundary of V. Note that the first term is the charge perturbation given by Komar
[123]. On the other hand, the second term is due to the fact that ξ depends on the dynamical
fields, and the third term is the contribution of surface term.
To find quasi-local conserved charges, (374) should be integrated over a one-parameter path in
the solution space. Assume that ar(sN ) are the collection of fields solving the field equations of
the Chern-Simons like theory. Here, N is a free parameter in the solution space of field equations,
and the parameter s is in the domain 0 ≤ s ≤ 1. Expanding ar(sN ) in s yields ar(sN ) =
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ar(0) + ∂∂sar(0)s + · · · . Then, using ar = ar(sN ) and δar = ∂∂sar(0) in (375), the quasi-local
conserved charge can be defined for the Killing vector field ξ as
Q(ξ) = − 18piG
ˆ 1
0
ds
ˆ
Σ
QADT (a|s; ξ). (376)
As suggested by (353), the quasi-local conserved charge is conserved for both the Killing vectors and
the asymptotic Killing vectors. The quasi-local conserved charge for a given solution (represented
by s = 1) is finite as the contribution due to background (represented by s = 0) is subtracted.
Note that Q is independent of the C choice since JADT is conserved off-shell for any diffeomorphism
generator ξ. In addition, it is independent of the V choice due to the integration over one-parameter
path on the solution space.
Using the Noether potential (345) and the surface term (272), the quasi-local conserved charge
perturbation for a Chern-Simons like theory becomes
δQ(ξ) = − 18piG
ˆ
Σ
(g˜rsiξar − g˜ωsχξ) · δas. (377)
The algebra of conserved charges is [16, 26]9
{Q(ξ1), Q(ξ2)}D.B. = Q ([ξ1, ξ2]) + C (ξ1, ξ2) , (378)
where C (ξ1, ξ2) is central extension term, and the Dirac bracket is defined as
{Q(ξ1), Q(ξ2)}D.B. =
1
2 (δξ2Q(ξ1)− δξ1Q(ξ2)) . (379)
Then, the central extension term becomes
C (ξ1, ξ2) = 12 (δξ2Q(ξ1)− δξ1Q(ξ2))−Q ([ξ1, ξ2]) . (380)
Note that in (378), [ξ1, ξ2] is a modified version of the Lie brackets defined as [159]
[ξ1, ξ2] = £ξ1ξ2 − δ(g)ξ1 ξ2 + δ
(g)
ξ2
ξ1, (381)
where δ(g)ξ1 ξ2 denotes the change induced in ξ2 due to the variation of metric δξ1gµν = £ξ1gµν . In
addition, (378) reduces to the ordinary Lie brackets [ξ1, ξ2]Lie = £ξ1ξ2 when ξ does not depend on
dynamical fields, that is δ(g)ξ1 ξ2 = δ
(g)
ξ2
ξ1 = 0.
XVI. BLACK HOLE ENTROPY IN CHERN-SIMONS-LIKE THEORIES OF GRAVITY
Wald prescription will be utilized to find an expression for black hole entropy in the Chern-
Simons like theories. Wald’s suggestion is to identify the black hole entropy as the conserved charge
associated with the horizon-generating Killing vector field ζ which vanishes on the bifurcation
surface B. Now, take Σ in (377) to be the bifurcation surface B then one has
Q(ζ) = 18piGg˜ωr
ˆ
B
χζ · ar. (382)
9 In the paper [156], Eq. (378) was proven under the assumption of linearity and then was generalized in [160] to
the nonlinear cases such as(376).
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Up to now, λabξ and so χaξ have been considered to arbitrary functions of the spacetime coordinates
and of the diffeomorphism generator ξ. To further obtain an explicit expression for λabξ , in [141]
it was suggested that the LL-derivative of ea vanishes when ξ is a Killing vector field. We follow
[141] to find an expression for χaξ . The LL-derivative of ea is given as
Lξe
a
µ = £ξeaµ + λ aξ bebµ. (383)
Now, consider following contraction
eaµLξe
a
ν = ea(µLξeaν) + ea[µLξeaν]. (384)
The symmetric part of eaµLξeaν can be written as
ea(µLξe
a
ν) = ea(µ£ξeaν) + λξ abea(µebν) = ea(µ£ξeaν) (385)
where anti-symmetric property of λabξ in the Latin indices was used. From the Lie derivative of the
metric, it follows that
£ξgµν = £ξ (eaµeaν) = eaµ£ξeaν + eaν£ξeaµ = 2ea(µ£ξeaν) (386)
By substituting the last expression in the previous one, one finds that the symmetric part of
eaµLξe
a
ν reduces to
ea(µLξe
a
ν) =
1
2£ξgµν . (387)
The anti-symmetric part of eaµLξeaν becomes
ea[µLξe
a
ν] =ea[µ£ξeaν] + λξ abea[µebν]
=ea[µ£ξeaν] + λξ abeaµebν .
(388)
Using the last two equations in (384) yields
eaµLξe
a
ν =
1
2£ξgµν + ea[µ£ξe
a
ν] + λξ abeaµebν . (389)
Assuming £ξgµν = 0 and demanding that the LL-derivative vanishes for a Killing vector field, i.e.
Lξe
a
µ = 0, we find from the last equation an expression for λabξ :
λabξ = eσ[a£ξeb]σ. (390)
By substituting this into (383), one gets
Lξe
a
µ =
1
2e
aν£ξgµν . (391)
It is clear that that the LL-derivative of the dreibein will vanish when ξ is a Killing vector field.
Consider the usual Lie derivative of the dreibein
£ξeaµ =ξσ∂σeaµ + eaσ∂µξσ
=ξσ∇σeaµ + eaσ∇µξσ + eaαξσ
(
Γασµ − Γαµσ
)
=ξσ∇σeaµ + eaσ∇µξσ + (iξT a)µ
(392)
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where we used T a = eaαΓαµνdxµ ∧ dxν . Contracting with ebµ and using (226), one arrives at
λabξ = eσ[a£ξeb]σ = iξωab + e[aµeb]ν∇µξν + eσ[a
(
iξT
b]
)
σ
(393)
Since χaξ is related to λabξ as in (263), one has
χaξ = iξωa +
1
2ε
a
bce
νb(iξT c)ν +
1
2ε
a
bce
bµecν∇µξν . (394)
where (243) was used. One can write (249) as
T (ω) = κab ∧ eb (395)
where an antisymmetric tensor is introduced:
κab = −εabckc. (396)
Equivalently, one has κµνλ = eaµebνκabλ which is anti-symmetric in µ and ν. One can write the
Cartan torsion tensor in terms of κµνλ,
Tαµν = −
1
2
(
καµν − κανµ
)
. (397)
By substituting (397) into (223) and using anti-symmetric property of κµνλ, one can show that
Cαµν = 2Tαµν + καµν . (398)
Now, we consider the covariant derivative of a vector field ξ
∇µξν = ∂µξν + Γνµσξσ = ∇ˆµξν + Cνµσξσ = ∇ˆµξν − 2 (iξT ν)µ + κνµσξσ (399)
where (222) and (398) were used in second and in third equalities. Playing with the last expression,
one has
1
2ε
a
bce
bµecν∇µξν =12ε
a
bce
bµecν∇ˆµξν − 12ε
a
bce
νb(iξT c)ν − 12ε
a
bciξκ
bc
=12ε
a
bce
bµecν∇ˆµξν − 12ε
a
bce
νb(iξT c)ν − iξka
(400)
where we made use of (396). By substituting (244) and (400) into (394), one finds
χaξ = iξΩa +
1
2e
a
σ
σµν∇ˆµξν . (401)
This equation is valid for both torsion-free theories and theories with torsion. This choice for χξ
yields
Lξe
a
µ = £ξeaµ + λ aξ bebµ = £ξeaµ + (χξ × eµ)a =
1
2e
aν£ξgµν . (402)
On the bifurcation surface, ζ|B = 0 and
∇ˆµζν |B = κHnµν (403)
where κH and nµν are the surface gravity of the black hole and the bi-normal vector to the
bifurcation surface. Thus, from (401), one has
χaζ |B =
1
2κHe
a
σ
σµνnµν (404)
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By defining the dual bi-normal to the bifurcation surface
Na = 12e
a
σ
σµνnµν , (405)
we can write (404) as
χaζ |B = κHNa. (406)
The bi-normal to the bifurcation surface is normalized to −2, and Na is normalized to +1. Finally,
using (382) the black hole entropy in the Chern-Simons like theory can be defined as [161]
S = 2pi
κH
Q(ζ) = − 14Gg˜ωr
ˆ
B
N · ar (407)
For a stationary black hole solution, the horizon is a circle of radius r = rH , hence the non-zero
components of bi-normal to that horizon are ntr = −nrt. The only non-zero component of Na is
Nφ = (gφφ)−1/2. Thus, (407) reduces to
S = − 14Gg˜ωr
ˆ
r=rh
(gφφ)−1/2arφφdφ, (408)
which is a generic expression for the entropy of black holes of the Chern-Simons like theories.
XVII. ASYMPTOTICALLY ADS3 SPACETIMES
The Brown-Henneaux boundary conditions [26] are appropriate for both cosmological Einstein’s
gravity and general massive gravity models.
A. Brown-Henneaux boundary conditions
Now, we summarize the Brown-Henneaux (BH) boundary conditions [26]. Let r and x± = tl ±φ
be the radial and the null coordinates. The BH boundary conditions for asymptotically AdS3
spacetimes are defined as
g±± =f±± +O
(1
r
)
,
g+− =− r
2
2 + f+− +O
(1
r
)
,
grr =
l2
r2
+ frr
r4
+O
( 1
r5
)
,
gr± =O
( 1
r3
)
,
(409)
where f±±, f+−, frr are arbitrary functions of the null coordinates x±. As usual, under transfor-
mation generated by a vector field ξ, one has
δχgµν = £ξgµν . (410)
The boundary conditions are preserved by the following Killing vector field ξ (a.k.a as asymptotic
symmetries)
ξ± =T± + l
2
2r2∂
2
∓T
∓ +O
( 1
r4
)
,
ξr =− r2
(
∂+T
+ + ∂−T−
)
+O
(1
r
)
,
(411)
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where T± = T±(x±) are arbitrary functions. Under the action of an asymptotic symmetry gener-
ator ξ, the dynamical fields transform as
δξfrr =∂+(T+frr) + ∂−(T−frr),
δξf+− =∂+(T+f+−) + ∂−(T−f+−),
δξf±± =2f±±∂±T± + T±∂±f±± − l
2
2
(
∂±T± + ∂3±T±
)
.
(412)
One can consider the Fourier modes, T±(x±) = eimx± , then the asymptotic Killing vectors are
ξ±m =
1
2e
imx±
[
l
(
1− l
2m2
2r2
)
∂t − imr∂r ±
(
1 + l
2m2
2r2
)
∂φ
]
, (413)
and they satisfy the Witt algebra
i[ξ±m, ξ±n ] = (m− n)ξ±m+n, (414)
which can be obtained by substituting (413) into (381). The dreibeins of the global AdS3 spacetime
are
e¯0 = r
l
dt, e¯1 = l
r
dr, e¯2 = rdφ, (415)
Using (401), the interior product of the spin-connection yields
iξ±n Ω
a − χa
ξ±n
= ±1
l
(ξ±n )a. (416)
Since the AdS3 spacetime solves (280) and (281), one finds
δξ±n Ω
0
φ ±
1
l
δξ±n e
0
φ = −
iln3
2r e
inx± ,
δξ±n Ω
1
φ ±
1
l
δξ±n e
1
φ = 0,
δξ±n Ω
2
φ ±
1
l
δξ±n e
2
φ = ±
iln3
2r e
inx± .
(417)
where equations (267) and (268) were used.
The Lagrangian of Einstein’s gravity with a negative cosmological constant (EGN) is given by
(250) and the non-zero components of the flavor metric are g˜eω = g˜ωe = −1. Then, the conserved
charge (376) for this case becomes
QE(ξ±m) =
1
8piG limr→∞
ˆ 2pi
0
(ξ±m) ·
(
∆Ωφ ± 1
l
∆eφ
)
dφ, (418)
where (416) was used. Also, ∆ar = ar(s=1) − ar(s=0). The connections corresponding to the two
SO(2, 1) gauge groups are defined as (260), then (418) can be written as
QE(ξ±m) =
1
8piG limr→∞
ˆ 2pi
0
(ξ±m) ·∆A±φ dφ. (419)
For BTZ black hole spacetime (284) at spatial infinity
∆eaφ = 0, ∆Ω0φ = −
r2+ + r2−
2lr , ∆Ω
1
φ = 0, ∆Ω2φ = −
r+r−
lr
, (420)
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and all these yield
QE(ξ±m) =
l
16G
(
r+ ∓ r−
l
)2
δm,0. (421)
Similarly(375) reduces to
δξ±nQE(ξ
±
m) =
1
8piG limr→∞
ˆ 2pi
0
(ξ±m) · δξ±n A
±
φdφ. (422)
where we set δ = δξ. By using (417) and (260), one can show that (422) yields
δξ±nQE(ξ
±
m) =
iln3
8G δm+n,0. (423)
Plugging (421) and (423) into (380) one finds the central extension
CE(ξ±m, ξ±n ) = i
l
8G
[
n3 −
(
r+ ∓ r−
l
)2
n
]
δm+n,0. (424)
This result agrees with the previous results (for instance, see [162]) but to obtain the usual m
dependence, one should make a constant shift on Q [163]. Now, we set Q(ξ±n ) ≡ Lˆ±n and replace
the brackets with commutators, namely {Q(ξ±m), Q(ξ±n )}D.B. ≡ i[Lˆ±m, Lˆ±n ], then (379) becomes the
usual Virasoro algebra
[Lˆ±m, Lˆ±n ] = (m− n)Lˆ±m+n +
c±
12m(m
2 − 1)δm+n,0, (425)
where c± = 3l2G are the central charges, and Lˆ±n are generators. S The conclusion is that the
classical algebra of the conserved charges is isomorphic to two copies of the Virasoro algebra.
B. General massive gravity
We introduced the general massive gravity (GMG) in the subsection XIID. For the global AdS3
the background curvature 2-form is given by (282). Therefore, the Schouten tensor and the Cotton
tensor are
Sa = − 12l2 e
a, Ca = 0, (426)
and so the auxiliary fields (305) become
ha = 12µl2 e
a, fa = 12l2 e
a. (427)
A similar construction along the lines of the previous section yields [164]
QGMG(ξ±n ) =
(
σ ∓ 1
µl
+ 12m2l2
)
QE(ξ±n )
− 18piG limr→∞
ˆ 2pi
0
dφ(∆hµφ ±
1
m2l
∆fµφ)(ξ
±
n )µ,
(428)
where we used (304). The relevant variations are
δSµν = δRµν − 14gµνδR+
3
2l2 δgµν , (429)
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where
δRµν = 12
(
−2δgµν −∇µ∇ν(gαβδgαβ) +∇λ∇µδgλν +∇λ∇νδgλµ
)
,
δR = −2(gαβδgαβ) +∇µ∇νδgµν + 2
l2
(gαβδgαβ).
(430)
The variation of the Cotton tensor is δCµν =  αβν ∇αδSµβ. For the BTZ black hole solution at
spatial infinity we have
∆gtt =
r2+ + r2−
l2
, ∆gtφ = −r+r−
l
, ∆grr =
l2(r2+ + r2−)
r4
, (431)
then, ∆Cµφ = ∆S
µ
φ = 0. Therefore, (429) reduces to
QGMG(ξ±n ) =
(
σ ∓ 1
µl
+ 12m2l2
)
QE(ξ±n ) (432)
which shows that the conserved charges of the BTZ black hole in generalized massive gravity are
equal to the conserved charge of the same solution in Einstein’s gravity multiplied by a constant.
In a similar way, one can show that (377) can be simplified as
δξ±mQGMG(ξ
±
n ) =
(
σ ∓ 1
µl
+ 12m2l2
)
δξ±mQE(ξ
±
n )
− 18piG limr→∞
ˆ 2pi
0
dφ(δξ±mh
µ
φ ±
1
m2l
δξ±mf
µ
φ)(ξ
±
n )µ.
(433)
It can be shown that δξ±mh
µ
φ = δξ±mf
µ
φ = 0, then one has
δξ±mQGMG(ξ
±
n ) =
(
σ ∓ 1
µl
+ 12m2l2
)
δξ±mQE(ξ
±
n ). (434)
Using (431) and (434) in (380), one finds
CGMG(ξ±m, ξ±n ) =
(
σ ∓ 1
µl
+ 12m2l2
)
CE(ξ±m, ξ±n ), (435)
from which one can read off the central charges of the general massive gravity as
c± =
3l
2G
(
σ ∓ 1
µl
+ 12m2l2
)
, (436)
which agrees with [165]. The eigenvalues of the Virasoro generators Lˆ±n can also be found as
l±n =
l
16G
(
σ ∓ 1
µl
+ 12m2l2
)(
r+ ∓ r−
l
)2
δn,0, (437)
The eigenvalues of the Virasoro generators Lˆ±n are related to the energy E and the angular mo-
mentum J via
E = l−1(l+0 + l−0 ) =
1
8G
[(
σ + 12m2l2
)
r2+ + r2−
l2
+ 2r+r−
µl3
]
, (438)
J = l−1(l+0 − l−0 ) =
1
8G
[(
σ + 12m2l2
) 2r+r−
l
+ r
2
+ + r2−
µl2
]
. (439)
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and using the Cardy’s formula [160, 166] (see also [167]), one can find the entropy of the black hole
as
S = 2pi
√
c+l
+
0
6 + 2pi
√
c−l−0
6 , (440)
or more explicitly
S = pi2G
[(
σ + 12m2l2
)
r+ +
r−
µl
]
. (441)
One can find the energy, the angular momentum and the entropy of a given black hole from (376)
by the corresponding vector fields. Thus, for the GMG (304) becomes
δQ(ξ) = 18piG
ˆ 2pi
0
dφ
[(
σ + 12m2l2
)
ξa +
1
µ
Ξa
]
· δωaφ, (442)
where the integration runs over a circle of arbitrary radius. Here (442), ξa and Ξa are given as
ξa = eaµξµ, Ξa = −
1
2e
a
λ
λµν∇µξν . (443)
The energy, angular momentum and the entropy of the BTZ black hole correspond to the following
Killing vectors, respectively
ξ(E) = ∂t, ξ(J) = −∂φ, ξ(S) =
4pi
κ
(∂t + ΩH∂φ). (444)
Here ΩH = r−lr+ is the angular velocity of the black hole horizon and κ =
r2+−r2−
l2r+
is the surface
gravity. By substituting these Killing vectors in (442) and carrying the integration over a one-
parameter path on the solution space, we find (438), (439) and (441) exactly. It is easy to show
that these results satisfy the first law of black hole mechanics.
XVIII. ASYMPTOTICALLY SPACELIKE WARPED ANTI-DE SITTER SPACETIMES
IN GENERAL MINIMAL MASSIVE GRAVITY
In this section, we consider asymptotically spacelike warped anti-de Sitter spacetimes in the
context of GMMG model. We find conserved charges and algebra among them in the given model.
A. Asymptotically spacelike warped AdS3 spacetimes
Boundary conditions for asymptotically warped AdS3 spacetimes in TMG were first introduced
in [168]. A few years later, in order to switch on the local degree of freedom (the massive graviton), a
set of asymptotic conditions was presented [169]. Here we follow [169] to introduce the appropriate
boundary conditions [170]:
gtt = l2 +O(r−3), gtr = O(r−3), grφ = O(r−2),
gtφ =
1
2 l
2 |ζ|
[
r +Atφ(φ) +
1
r
Btφ(φ)
]
+O(r−2),
grr =
l2
ζ2ν2
[ 1
r2
+ 1
r3
Arr(φ) +
1
r4
Brr(φ)
]
+O(r−5),
gφφ =
1
4 l
2ζ2
[(
1− ν2
)
r2 + rAφφ(φ) +Bφφ(φ)
]
+O(r−1),
(445)
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which are consistent with the metric (323). The corresponding components of the dreibeins are
e0t =
lν√
1− ν2 −
l
[
2
(
ν2 − 1)Atφ +Aφφ]
2rν (1− ν2) 32
+ l
8r2ν3 (1− ν2) 52
[
4A2tφ
(
ν2 − 1
)3
+A2φφ
(
4ν2 − 1
)
+ 4AtφAφφ
(
ν2 − 1
) (
2ν2 − 1
)
+ 8Btφν2
(
ν2 − 1
)2
+ 4Bφφν2
(
ν2 − 1
)]
+O(r−3)
(446)
e1r =
l
ζνr
+ lArr2ζνr2 −
l
8ζνr3
[
A2rr − 4Brr
]
+O(r−4) (447)
e2t =
l√
1− ν2 −
l
[
2
(
ν2 − 1)Atφ +Aφφ]
2r (1− ν2) 32
+ l
8r2 (1− ν2) 52
[
8Btφ
(
ν2 − 1
)2
+ 4AtφAφφ
(
ν2 − 1
)
+ 4Bφφ
(
ν2 − 1
)
+ 3A2φφ
]
+O(r−3)
(448)
e2φ =
1
2rl |ζ|
√
1− ν2 + l |ζ|Aφφ
4
√
1− ν2
− l |ζ|
16r (1− ν2) 32
[
4Bφφ
(
ν2 − 1
)
+A2φφ
]
+O(r−2),
(449)
and the rest of them are O(r−4).The metric, under transformation generated by vector field ξ,
transforms as δξgµν = £ξgµν . The variation generated by the following Killing vector field preserves
the boundary conditions (445)
ξt(T, Y ) =T (φ)− 2∂
2
φY (φ)
|ζ|3 ν4r +O(r
−2),
ξr(T, Y ) =− r∂φY (φ) +O(r−2),
ξφ(T, Y ) =Y (φ) +
2∂2φY (φ)
ζ4ν4r2
+O(r−3),
(450)
where T (φ) and Y (φ) are two arbitrary periodic functions. The asymptotic Killing vectors (450)
are closed under the Lie bracket
[ξ(T1, Y1), ξ(T2, Y2)] = ξ(T12, Y12), (451)
where
T12(φ) =Y1(φ)∂φT2(φ)− Y2(φ)∂φT1(φ),
Y12(φ) =Y1(φ)∂φY2(φ)− Y2(φ)∂φY1(φ).
(452)
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Again, introducing Fourier modes um = ξ(eimφ, 0) and vm = ξ(0, eimφ), one finds that
[um, un] = 0,
[vm, un] = −num+n,
[vm, vn] = (m− n)vm+n,
(453)
which is a semi direct product of the Witt algebra with the U(1) current algebra. Under the action
of a generic asymptotic symmetry generator ξ (450), the dynamical fields transform as
δξAtφ =∂φ [Y (φ)Atφ(φ)] +
2
|ζ|∂φT (φ),
δξArr =∂φ [Y (φ)Arr(φ)] ,
δξAφφ =∂φ [Y (φ)Aφφ(φ)] +
4
|ζ|∂φT (φ),
(454)
δξBtφ =Y (φ)∂φBtφ(φ) + 2Btφ(φ)∂φY (φ)− 2
ζ4ν4
∂3φY (φ),
δξBrr =Y (φ)∂φBrr(φ) + 2Brr(φ)∂φY (φ),
δξBφφ =Y (φ)∂φBφφ(φ) + 2Bφφ(φ)∂φY (φ) +
4
|ζ|Atφ(φ)∂φT (φ)
− 4
(
1 + ν2
)
ζ4ν4
∂3φY (φ).
(455)
We are interested in solutions which are asymptotically spacelike warped AdS3. Thus, we demand
that equations (326) and (327) hold asymptotically:
∇µJν − |ζ|2l µνλJ
λ = O(r−1), (456)
and the Ricci tensor reads
Rµν − ζ
2
2l2
(
1− 2ν2
)
gµν +
ζ2
l4
(
1− ν2
)
JµJν = O(r−1). (457)
By substituting (445) into the last two equations (456) one gets
Aφφ(φ) = ν2Arr(φ) + 2Atφ(φ),
Bφφ(φ) = ν2
[
Brr(φ) + 2Btφ(φ)−Arr(φ)2
]
+Atφ(φ)2 + 2Btφ(φ).
(458)
Hence, the metric (445) solves equations of motion of general minimal massive gravity asymptoti-
cally when equations (331)-(336) and (458) are satisfied. It is important to note that, in the light
of the preceding discussion, (326), (327) and (330) hold only asymptotically.
B. Conserved charges of asymptotically spacelike warped AdS3 spacetimes in General
Minimal Massive Gravity
We first want to simplify the expression for conserved charge perturbation (377) for asymptot-
ically spacelike warped AdS3 spacetimes (445) in the context of general minimal massive gravity.
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So, we use (330)-(336), (306), (289) and (326). After some calculations we find the following
expression for the variation of the charges
δQ(ξ) = − 18piG
ˆ
Σ
{
−
(
σ + αH1
µ
+ F1
m2
)
[iξe · δΩ + (iξΩ− χξ) · δe]
+ 1
µ
(iξΩ− χξ) · δΩ + αH2
(
αH2
µ
+ 2F2
m2
)
iξJ · δJ
+
[
− ζ
2
µl2
(3
4 − ν
2
)
+ l |ζ|
(
αH2
µ
+ F2
m2
)]
iξe · δe
−
(
αH2
µ
+ F2
m2
)
[iξJ · δΩ + (iξΩ− χξ) · δJ]
+
[
ζ2
µl4
(
1− ν2
)
− 3 |ζ|2l
(
αH2
µ
+ F2
m2
)]
(iξJ · δe+ iξe · δJ)
}
.
(459)
where Jaµ = JaJµ.
Now we take the spacelike warped AdS3 spacetime as the background which can be described
by the following dreibeins
e¯0 = lν√
1− ν2dt,
e¯1 = l
ζνr
dr,
e¯2 = l√
1− ν2dt+
1
2rl |ζ|
√
1− ν2dφ.
(460)
As we mentioned in the section XV, one can take an integration of (459) over a one-parameter
path on the space of solutions to find the conserved charge corresponds to the Killing vector field
ξ:
Q(ξ) = − 18piG
ˆ
Σ
{
−
(
σ + αH1
µ
+ F1
m2
) [
iξ e¯ ·∆Ω +
(
iξΩ¯− χ¯ξ
)
·∆e
]
+ 1
µ
(
iξΩ¯− χ¯ξ
)
·∆Ω + αH2
(
αH2
µ
+ 2F2
m2
)
iξJ¯ ·∆J
+
[
− ζ
2
µl2
(3
4 − ν
2
)
+ l |ζ|
(
αH2
µ
+ F2
m2
)]
iξ e¯ ·∆e
−
(
αH2
µ
+ F2
m2
) [
iξJ¯ ·∆Ω +
(
iξΩ¯− χ¯ξ
)
·∆J
]
+
[
ζ2
µl4
(
1− ν2
)
− 3 |ζ|2l
(
αH2
µ
+ F2
m2
)](
iξJ¯ ·∆e+ iξ e¯ ·∆J
)}
,
(461)
with ∆Φ = Φ(s=1) −Φ(s=0), where Φ(s=1) and Φ(s=0) are calculated on the spacetime solution and
on the background spacetime, respectively10.
C. The algebra of conserved charges
As we laid out in XVIIIA, the asymptotic Killing vector field is given by (450). Now we shall find
the conserved charge corresponding to the asymptotic Killing vector field given in (450). We need
10 For instance, ∆e = e− e¯, where e and e¯ are given by (446)-(449) and (460), respectively.
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to use J = Jµ∂µ = ∂t, (331)-(336), (446)-(450), (458), (459) and (460). After some cumbersome
calculations one eventually arrives at
Q(T, Y ) = P (T ) + L(Y ), (462)
with
P (T ) = |ζ|96picU
ˆ 2pi
0
T (φ) [Arr(φ) + 2Atφ(φ)] dφ, (463)
L(Y ) = − ζ
4ν4
768picV
ˆ 2pi
0
Y (φ)
[
−3Arr(φ)2 + 4Brr(φ) + 16Btφ(φ)
]
dφ, (464)
where
cU =
3l |ζ| ν2
G
{
σ + α
µ
(
H1 + l2H2
)
+ 1
m2
(
F1 + l2F2
)
− |ζ|2µl
}
, (465)
cV =
3l
|ζ| ν2G
{
σ + α
µ
(
H1 + l2H2
)
+ 1
m2
(
F1 + l2F2
)
− |ζ|2µl
(
1− 2ν2
)}
. (466)
Note that cU and cV are related via
ζ2ν4cV − cU = 3ζ
2ν4
µG
. (467)
Plugging (462) in (378) and making use of (454), (379) and (455), we find
{Q(T1, Y1), Q(T2, Y2)}D.B =Q(T12, Y12)
− |ζ|192picU
ˆ 2pi
0
T12(φ) [Arr(φ) + 2Atφ(φ)] dφ
+ 148picU
ˆ 2pi
0
(T1∂φT2 − T2∂φT1) dφ
+ 148picV
ˆ 2pi
0
(
Y1∂
3
φY2 − Y2∂3φY1
)
dφ.
(468)
Introducing the Fourier modes as
Pm =Q(eimφ, 0) = P (eimφ),
Lm =Q(0, eimφ) = L(eimφ),
(469)
one can read off the algebra of conserved charges as follows:
i {Pm, Pn}D.B. =−
cU
12nδm+n,0
i {Lm, Pn}D.B. =− nPm+n +
|ζ| cU
192pi n
ˆ 2pi
0
ei(m+n)φ [Arr(φ) + 2Atφ(φ)] dφ
i {Lm, Ln}D.B. =(m− n)Lm+n +
cV
12n
3δm+n,0.
(470)
Now we consider the warped black hole solution as an example. For this case (323) with(324), one
has
Arr = r+ + r−, Atφ = ν
√
r+r−,
Brr = r2+ + r2− + r+r−, Btφ = 0
(471)
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and (470) reduce to
i {Pm, Pn}D.B. =−
cU
12nδm+n,0
i {Lm, Pn}D.B. =− nPm+n +
|ζ| cU
96 n
(
r+ + r− + 2ν
√
r+r−
)
δm+n,0
i {Lm, Ln}D.B. =(m− n)Lm+n +
cV
12n
3δm+n,0.
(472)
Setting Pˆm ≡ Pm and Lˆm ≡ Lm, and replacing the brackets with commutators i{, } → [, ], Eq. (472)
become11 [
Pˆm, Pˆn
]
=− cU12nδm+n,0[
Lˆm, Pˆn
]
=− nPˆm+n + n2 p0δm+n,0[
Lˆm, Lˆn
]
=(m− n)Lˆm+n + cV12n
3δm+n,0.
(473)
Here p0 is the zero mode eigenvalue of Pˆm. From (469) and using (463), (464) and (471), one can
read off the eigenvalues of Pˆm and Lˆm as
pm =
|ζ| cU
48
(
r+ + r− + 2ν
√
r+r−
)
δm,0, (474)
lm = −ζ
4ν4cV
384 (r+ − r−)
2 δm,0, (475)
respectively. So, it is apparent that the algebra of asymptotic conserved charges is given as the
semi direct product of the Virasoro algebra with U(1) current algebra, with central charges cV and
cU .
D. Mass, angular momentum and entropy of warped black hole solution of general minimal
massive Gravity
Even though the algebra of conserved charges (473) does not describe the conformal symmetry
[98], one can use a particular Sugawara construction [172] to construct the conformal algebra as
was done in the case of topologically massive gravity [173] and on the spacelike warped AdS3 black
hole solutions of NMG [174]. For this purpose, two new operators can be introduced as
Lˆ+m =
im
|ζ| ν2 Pˆ−m −
6
cU
Kˆ−m, (476)
Lˆ−m = Lˆm +
6p0
cU
Pˆm − 6
cU
Kˆm, (477)
where
Kˆm =
∑
q∈Z
Pˆm+qPˆ−q. (478)
11 It is worth mentioning that the algebra (473) was first obtained in [171].
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These operators satisfy the following algebra[
Lˆ+m, Lˆ
+
n
]
=(m− n)Lˆ+m+n +
c+
12n
3δm+n,0[
Lˆ−m, Lˆ
−
n
]
=(m− n)Lˆ−m+n +
c−
12n
3δm+n,0 +
3p20
cU
nδm+n,0[
Lˆ+m, Lˆ
−
n
]
=0
(479)
where
c+ =
cU
ζ2ν4
, c− = cV , (480)
In this way, (467) can be rewritten as
c− − c+ = 3
µG
. (481)
From (476) and (477), one can read the eigenvalues of Lˆ±0 as
l+0 = −
6p20
cU
, l−0 = l0. (482)
Finally, Cardy’s formula (440) leads to the following expression for the CFT entropy
SCFT =
pil |ζ|
4G
{[
σ + α
µ
(
H1 + l2H2
)
+ 1
m2
(
F1 + l2F2
)
− |ζ|2µl
] (
r+ + ν
√
r+r−
)
+ |ζ| ν
2
2µl (r+ − r−)
}
.
(483)
where CFT stands for emphasizing that the entropy (483) comes from Conformal field theory
considerations. Mass and angular momentum can also be obtained by M = p0 and J =
(
l+0 − l−0
)
,
respectively [173] yielding
M = |ζ| cU48
(
r+ + r− + 2ν
√
r+r−
)
, (484)
J = − ζ
2
384
{
cU
(
r+ + r− + 2ν
√
r+r−
)2 + ζ2ν4cV (r+ − r−)2} . (485)
The angular velocity of the black hole is
ΩH = −Nφ(r+) = − 2|ζ| (r+ + ν√r+r−) , (486)
and the surface gravity of the event horizon is
κH =
[
−12∇
µζν∇µζν
] 1
2
r=r+
= |ζ| ν
2 (r+ − r−)
2
(
r+ + ν
√
r+r−
) , (487)
where ζ = ∂t + ΩH∂φ is the horizon-generating Killing vector field. One can readily show that
these conserved quantities for the black hole satisfy the first law of black hole mechanics,
δM = THδS + ΩHδJ, (488)
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where TH = κH/2pi is the Hawking temperature.
We now end this section with a discussion of the symmetries. The SL(2,R)×SL(2,R) isometry
group of AdS3 space reduces to the SL(2,R)×U(1) for the warped AdS3 .Therefore, the asymptotic
symmetry of the warped AdS3 also differs from the full conformal symmetry. So the dual theory of
the warped AdS3 is not a 2-dimensional CFT, but a, so called, warped CFT (WCFT), which should
exhibit partial conformal symmetry. Let us define P˜m = |ζ|−1 ν−2Pˆm after which the algebra (473)
becomes [
P˜m, P˜n
]
=− c˜U12nδm+n,0[
Lˆm, P˜n
]
=− nP˜m+n + n2 p˜0δm+n,0[
Lˆm, Lˆn
]
=(m− n)Lˆm+n + cV12n
3δm+n,0
(489)
where c˜U = ζ−2ν−4cU and p˜m = |ζ|−1 ν−2pm. This is the semi direct product of the Virasoro
algebra with the U(1) algebra, with central charges cV and c˜U which is the symmetry of warped
CFT. Therefore, the dual theory of the warped black hole solution of GMMG is a WCFT. A warped
version of the Cardy formula was introduced by Detournay et al. [175] which leads to
SWCFT =
24pi
c˜U
p˜
(vac)
0 p˜0 + 4pi
√
−l(vac)0 l0, (490)
where p˜(vac)0 and l
(vac)
0 correspond to the minimum values of p˜0 and l0, i.e. the value of the vacuum
geometry. Since the vacuum corresponds to r± = 0, from (489), one finds
p˜
(vac)
0 = −
c˜U
24 , l
(vac)
0 = −
cV
24 . (491)
With all these one arrives at SWCFT = SCFT.
XIX. CONSERVED CHARGES OF THE ROTATING OLIVA-TEMPO-TRONCOSO
BLACK HOLE
The rotating OTT black hole spacetime (301), is a solution of the NMG in the special choice
of the parameters that leads to a unique vacuum as discussed. To find the conserved charges of
this black hole, we take the AdS3 spacetime (415) as the background, i.e. the AdS3 spacetime
corresponds to s = 0 [176]. The non-zero components of the flavor metric are given in (294), with
(300), one can show that the extended off-shell ADT charge (360)
QADT(ξ) = (g˜rsiξar − g˜ωsχξ) · δas, (492)
reduces to
QADT(ξ) =
{
−2iξ e¯ · δΩφ + 2l2(iξΩ¯− χ¯ξ) · δSφ
}
dφ, (493)
on Σ. The energy of the metric corresponds to the Killing vector ξE = ∂t. For this Killing vector
on the background, (401) becomes
iξ(E)Ω¯
a − χ¯aξ(E) =
1
l2
eaφ. (494)
Making use of (415) and (494) in(493), one finds
QADT(ξ(E)) = 2r{
1
l
δΩ0φ + δS2φ}dφ (495)
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and again, integrating over a path on the solution space, yields
ˆ 1
0
QADT(ξ(E))ds =2r{
1
l
[
Ω0φ(s=1) − Ω0φ(s=0)
]
+
[
S2φ(s=1) − S2φ(s=0)
]
}dφ
(496)
where again s = 1 for the rotating black hole. Expansion of Ω0φ(s=1) and S2φ(s=1) at infinity yield
Ω0φ(s=1) = Ω0φ(s=0) +
bl
4 (1 + η)−
l
16r
[
b2l2(1 + η2) + 8µ
]
+O(r−2),
S2φ(s=1) = S2φ(s=0) −
b
4(1 + η)−
b2l2
16r (1− η
2) +O(r−2),
(497)
which reduces (496) to
ˆ 1
0
QADT(ξ(E))ds =
{
µ+ 14b
2l2 +O(r−1)
}
dφ. (498)
Plugging (498) into (376) and by taking the limit r →∞, one arrives at
E = 14
(
µ+ 14b
2l2
)
. (499)
For the rotation Killing vector ξ(J) = ∂φ,
iξ(J)Ω¯
a − χ¯aξ(J) = eat, (500)
which reduces (493) to
QADT(ξ(J)) = −2r
{
δω2φ + lδS0φ
}
dφ, (501)
A similar expansion as above yield
ω2φ(s=1) = ω2φ(s=0) −
bl
4
√
1− η2 + l16r
[
b2l2(1− η) + 8µ
]√
1− η2 +O(r−2),
S0φ(s=1) = S0φ(s=0) +
b
4
√
1− η2 + b
2l2
16r (1 + η)
√
1− η2 +O(r−2),
(502)
which then leads to the angular momentum of the black hole
J = l
√
1− η2E. (503)
XX. EXPLICIT EXAMPLES OF THE BLACK HOLE ENTROPY
In this section we shall use the black hole entropy formula (408) to compute entropy of some
black holes for various models. In fact, based on papers [161, 170, 176, 177], we simplify entropy
formula in the context of MMG, GMG, GMMG and NMG.
A. Banados-Teitelboim-Zanelli black hole entropy
In this subsection, we calculate the entropy of BTZ black hole, as a solution of the EGN, in the
context of some models.
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1. Minimal Massive Gravity
For MMG, the non-zero components of the flavor metric are are given by (285). The MMG is
not a torsion-free theory so that the spin-connection ω is given by (289), where Ω is the torsion-free
dual spin-connection given by (245). Also, there is one auxiliary field which is given by (292). For
this model (408) can be simply rewritten as
S = − 14G
ˆ
r=rh
dφ√
gφφ
(
−σgφφ + 1
µ
Ωφφ − α
µ
hφφ
)
. (504)
For the BTZ black hole solution (284), the relevant quantities are
gφφ = r2, Ωφφ = −r+r−
l
, Sφφ = − r
2
2l2 , Cφφ = 0, (505)
hφφ =
(1− αΛ0l2)r2
2µl2(1 + ασ)2 . (506)
Making use of these in (504), one arrives at the entropy of the BTZ black hole in MMG:
S = pi2G
[(
σ + α(1− αΛ0l
2)
2µ2l2(1 + ασ)2
)
r+ +
r−
µl
]
. (507)
2. General Massive Gravity
Let us study the generalized massive gravity as another example. In this model, there are four
flavors of one-form, as = {e, ω, h, f} and the non-zero components of the flavor metric are given
by (304). The model is torsion-free. The auxiliary fields f and h are given by (305), then one has
S = − 14G
ˆ
r=rh
dφ√
gφφ
(
−σgφφ + 1
µ
Ωφφ +
1
m2
Sφφ
)
. (508)
Substituting (505) into (508), one finds the entropy of BTZ black hole in GMG:
S = pi2G
[(
σ + 12m2l2
)
r+ +
r−
µl
]
. (509)
3. General Minimal Massive Gravity
We discussed that the BTZ black hole is a solution of GMMG provided that the equations
(315)-(318) are satisfied. Using equations (306), (315)-(318) and (289), one can show that (408)
for this theory becomes
S = 14G
ˆ
r=rh
dφ√
gφφ
[(
σ + αH
µ
+ F
m2
)
gφφ − 1
µ
Ωφφ
]
. (510)
Again, making use of (505) in (510), we find that the entropy of the BTZ black hole in this theory
becomes
S = pi2G
[(
σ + αH
µ
+ F
m2
)
r+ +
r−
µl
]
, (511)
where F and H must satisfy the equations (316)-(318). The entropy of the BTZ black hole in
MMG, GMG and GMMG were first obtained in [177–179] respectively and here we reproduced
them by using new entropy formula.
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B. Warped black hole entropy from the gravity side
We would like to simplify (408) for GMMG. Along the way, we would like to compute the
entropy of the Warped black hole (WBH) (323), with (324), as a solution of GMMG model. One
can use (306), (289) and (330) to show that, for this particular case, the gravitational black hole
entropy reduces to
SWBH = − 14G
ˆ
Horizon
dφ√
gφφ
{
−
(
σ + αH1
µ
+ F1
m2
)
gφφ +
1
µ
Ωφφ
−
(
αH2
µ
+ F2
m2
)
JφJφ
}
.
(512)
For warped black hole solution (323) with (324), we have
gφφ |r=r+=
1
4 l
2ζ2
(
r+ + ν
√
r+r−
)2
,
Ωφφ |r=r+=−
1
4ζ
2ν2
√
gφφ |r=r+ (r+ − r−) +
|ζ|
2l gφφ |r=r+ ,
(JφJφ) |r=r+=l2gφφ |r=r+ .
(513)
By substituting (513) into (512), we find the gravitational entropy of the warped black hole as
SWBH =
pil |ζ|
4G
{[
σ + α
µ
(
H1 + l2H2
)
+ 1
m2
(
F1 + l2F2
)
− |ζ|2µl
] (
r+ + ν
√
r+r−
)
+ |ζ| ν
2
2µl (r+ − r−)
}
.
(514)
This result matches the one obtained in the subsection XVIIID, namely (483), via the Cardy’s
formula.
C. Entropy of the rotating Oliva-Tempo-Troncoso black hole
Now, we will compute the entropy of the rotating OTT black hole in the context of the NMG
(See subsection XIIC). In the NMG model the non-zero components of the flavor metric are given
in the (294), with (300), with these one has
S = 14G
ˆ 2pi
0(r=rh)
dφ√
gφφ
(
gφφ − 1
m2
Sφφ
)
, (515)
where rh is the radius of the Killing horizon located at rh = r+ and r+ is given [180] by
r+ = l
√
1 + η
2
(
−bl2
√
η +
√
µ+ 14b
2l2
)
. (516)
Following the similar lines as the previous calculations, one arrives at
Sφφ = −12
(
H(r)2
l2
+ b2H(r)(1 + η) +
µ
2 (1− η)−
b2l2
16 (1 + η)
2 + b
2l2
4
)
. (517)
and
S = 2pil
G
√
(1 + η)E
2 , (518)
which matches with the results of [180].
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XXI. NEAR HORIZON SYMMETRIES OF THE NON-EXTREMAL BLACK HOLE
SOLUTIONS OF THE GENERAL MINIMAL MASSIVE GRAVITY
An arbitrary variation of the Lagrangian the GMMG (307) is given by
δLGMMG = δe · Ee + δω · Eω + δf · Ef + δh · Eh + dΘ˜(a, δa), (519)
where Ee = Eω = Ef = Eh = 0 are the field equations (308)-(311) and Θ˜(a, δa) is a surface term
which reads explicitly as
Θ˜(a, δa) = −σδω · e+ 12µδω · ω −
1
m2
δω · f + δe · h. (520)
Now, assume that the variation is due to a diffeomorphism which is generated by the vector field
ξ, then the variation of the Lagrangian (307) is
δξL = δξe · Ee + δξω · Eω + δξf · Ef + δξh · Eh + dΘ˜(a, δξa). (521)
The Lorentz Chern-Simons term in the Lagrangian (307) makes the theory to be a non-covariant
under the Lorentz gauge transformations. So, the total variation due to diffeomorphism generator
ξ can be written as
δξL = LξL+ dψξ, (522)
with the surface part
ψξ =
1
2µdχξ · ω. (523)
Using equations (264)-(266) and (522), one can write (521) as
dJN(ξ) =(iξω − χξ) · [D(ω)Eω + e× Ee + f × Ef + h× Eh]
+ iξe ·D(ω)Ee + iξf ·D(ω)Ef + iξh ·D(ω)Eh
− iξT (ω) · Ee − iξR(ω) · Eω − iξD(ω)f · Ef − iξD(ω)h · Eh,
(524)
where
JN(ξ) =Θ˜(a, δξa)− iξLGMMG − ψξ + (iξω − χξ) · Eω
+ iξe · Ee + iξf · Ef + iξh · Eh.
(525)
By substituting the explicit forms of Ee, Eω, Ef and Eh (i.e. the equations (308)-(311) without
imposing that they vanish, one arrives at
dJN(ξ) =(iξω − χξ) ·
[
−σ (D(ω)T (ω)−R(ω)× e) + 1
µ
D(ω)R(ω)
]
− σiξe ·D(ω)R(ω)− 1
m2
iξf ·D(ω)R
+ iξh · [D(ω)T (ω)−R(ω)× e] .
(526)
The right hand side of the (526) vanishes due to the Bianchi identities (251). Thus, JN(ξ) is the
off-shell conserved Noether current associated to ξ.Locally, by the virtue of the Poincare lemma,
JN(ξ) = dKN(ξ), (527)
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where KN(ξ) is a potential given as
KN(ξ) = (iξω − χξ) ·
(
−σe+ 12µω −
1
m2
f
)
+ iξe · h. (528)
We can define the off-shell charge as [181]
QN(ξ) = − 18piG
ˆ
Σ
KN(ξ), (529)
where G denotes Newton’s gravitational constant and Σ is a space-like codimension two surface.
Now, we consider all of the solutions of cosmological Einstein’s gravity that solve GMMG provided
that the equations (315)-(318) hold. For this class of solutions KN(ξ) becomes
KN(ξ) =−
(
σ + αH2µ +
F
m2
)
(iξΩ− χξ) · e+ 12µ(iξΩ− χξ) · Ω
− αH2µ iξe · Ω +
1
2µl2 iξe · e,
(530)
where (289) was used. This last formula expresses potential in terms of the ordinary torsion-free
spin-connection.
A. Near horizon symmetries of non-extremal black holes
Here we summarize some results of of [182]. The near horizon geometry of a 3 dimensional
black hole in the Gaussian null coordinates (in the dreiben form) can be given as
e0 =
√
−A+ C
2
R2
dv − B√
−A+ C2
R2
dρ
e1 = B√
−A+ C2
R2
dρ
e2 =C
R
dv +Rdφ
(531)
where v, ρ and φ are the retarded time, the radial distance to the horizon and the angular coordi-
nate, respectively. The horizon of black hole is located at ρ = 0. The metric reads
ds2 = Adv2 + 2Bdvdρ+ 2Cdvdφ+R2dφ2. (532)
We consider the case in which A, B, C and R obey the following fall-off conditions near the horizon
[182]
A = −2κHρ+O(ρ2), B = 1 +O(ρ2)
C = θ(φ)ρ+O(ρ2), R2 = γ(φ)2 + β(φ)ρ+O(ρ2), (533)
where κH is the surface gravity. The near horizon geometry of a non-extremal black hole is invariant
under the following scaling
v → v/a, ρ→ aρ, κH → aκH , (534)
where a is a scale factor. The fall-off conditions (533) obey the scaling property. These fall-off
conditions yield finite charges. We also demand that gρρ = O(ρ2) and gρφ = O(ρ2). We should
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mention that the boundary conditions (533) break the Poincare symmetry. The near horizon
Killing vectors preserving the fall-off conditions are [182]
ξv =T (φ) +O(ρ3)
ξρ =θ(φ)T
′(φ)
2γ(φ)2 ρ
2 +O(ρ3)
ξφ =Y (φ)− T
′(φ)
γ(φ)2 ρ+
β(φ)T ′(φ)
2γ(φ)4 ρ
2 +O(ρ3),
(535)
where T (φ) and Y (φ) are arbitrary functions of their arguments, and the prime denotes differen-
tiation with respect to φ. Under a transformation generated by the Killing vector fields (535), the
arbitrary functions θ(φ), γ(φ) and β(φ), that appear in the metric transform as
δξθ = (θY )′ − 2κHT ′, δξγ = (γY )′ ,
δξβ = 2Y ′β + 2T ′θ + Y β′ − 2T ′′ + 2γ
′T ′
γ
.
(536)
Using the modified version of the Lie brackets (381), we have
[ξ(T1, Y1), ξ(T2, Y2)] = ξ(T12, Y12), (537)
where
T12 = Y1T ′2 − Y2T ′1, Y12 = Y1Y ′2 − Y2Y ′1 . (538)
Again introducing the Fourier modes Tn = ξ
(
einφ, 0
)
and Yn = ξ
(
0, einφ
)
, one can find that Tn
and Yn satisfy the algebra
i [Tm, Tn] =0,
i [Ym, Yn] =(m− n)Ym+n,
i [Ym, Tn] =− nTm+n,
(539)
where Tn and Yn are generators of the supertranslations and superrotations respectively.
B. Near horizon conserved charges and their algebra for General Minimal Massive Gravity
Let us take the space-like codimension two surface Σ to be a circle with radius ρ → 0. Then
(529) can be written as
QN(ξ) = − 18piG limρ→0
ˆ 2pi
0
KNφdφ, (540)
where KN(ξ) is given by (530). Plugging (530), (531) and (535) in (540) the conserved charge for
the Killing vector (535) reads
QN(ξ) =
1
16piG
ˆ 2pi
0
dφ
{(
σ + αH2µ +
F
m2
)
γ(φ) [2κHT (φ)− θ(φ)Y (φ)]
+ 14µθ(φ) [2κHT (φ)− θ(φ)Y (φ)]
− αH2µ γ(φ)θ(φ)Y (φ)−
1
µl2
γ(φ)2Y (φ)
} (541)
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where we also used(401). In the limit µ → ∞ and m → ∞ and choosing σ = 1, at which the
GMMG model reduces to the the Einstein’s theory, the last expression reduces to the result of
[182].
The algebra of the charges is given by (378), then for (541) one finds
{Q(ξ1), Q(ξ2)} = Q ([ξ1, ξ2])
− κH64piµG
ˆ 2pi
0
dφ
{
2κH
(
T1T
′
2 − T2T ′1
)− (θ(φ) + 2αHγ(φ))T12} . (542)
For the Fourier modes Tn = Q(einφ, 0) and Yn = Q(0, einφ), we have
i [Tm, Tn] =κ
2
Hn
8µGδm+n,0,
i [Ym,Yn] =(m− n)Ym+n,
i [Ym, Tn] =− nTm+n − κHn64piµG
ˆ 2pi
0
ei(m+n)φ {θ(φ) + 2αHγ(φ)} dφ.
(543)
In the limit µ → ∞, this algebra reduces to the result given in [182]. In other words, the central
extension term comes from just the Lorentz Chern-Simons term. In the framework of the cosmo-
logical Einstein’s gravity, the algebra spanned by Tm and Yn is isomorphic to (539), with no central
extension [182]. By looking at the expression of conserved charge (541) and the algebra (543), one
can find the algebra of [182] by turning-off the topological term, i.e µ → ∞. The presence of the
term proportional to 1
m2 (the term of the NMG), does not lead to a centrally extended algebra. If
one introduces the generator
Pn =
∑
k∈Z
TkTn−k, (544)
one can show that the algebra spanned by Pn and Yn is BMS3 [182, 183]. So according to the
above discussion we conclude that that the near horizon geometry of a non-extremal black hole
solution of NMG, has a BMS3 symmetry which can be recovered by means of the mentioned
Sugawara construction.
One can easily read off the eigenvalues of Tn and Yn from (541)
Tn = κH8piG
ˆ 2pi
0
einφ
{(
σ + αH2µ +
F
m2
)
γ(φ) + 14µθ(φ)
}
dφ, (545)
Yn = − 116piG
ˆ 2pi
0
einφ
{(
σ + αH
µ
+ F
m2
)
γ(φ)θ(φ) + θ(φ)
2
4µ +
γ(φ)2
µl2
}
dφ. (546)
For the BTZ black hole, we have [182]
γ = r+, θ =
2r−
l
, κH =
r2+ − r2−
l2r+
, (547)
Thus, the algebra spanned by Tn and Yn reduce to
i [Tm, Tn] =κ
2
Hn
8µGδm+n,0,
i [Ym,Yn] =(m− n)Ym+n,
i [Ym, Tn] =− nTm+n − κHn8µG
(
r−
l
+ αHr+
)
δm+n,0.
(548)
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where we made a shift on spectrum of Tn by a constant + κH8µG
( r−
l + αHr+
)
which is suitable for
the following discussion. In this case, (545) and (546) reduce to
Tn = +κH4G
{(
σ + αH
µ
+ F
m2
)
r+ +
r−
µl
}
δn,0, (549)
Yn = − 18G
{(
σ + αH
µ
+ F
m2
) 2r+r−
l
+ (r
2
+ + r2−)
µl2
}
δn,0. (550)
Using the results [177], we find that the zero mode charge T0 is proportional to the entropy of the
BTZ black hole solution of GMMG, i.e. T0 = κH2pi S, where S is the entropy of the BTZ black hole
which is given by (511). Also, Y0 gives the angular momentum, i.e. J = −Y0
XXII. EXTENDED NEAR HORIZON GEOMETRY
In [184], the authors proposed the following metric with new fall-off conditions for the near
horizon of a non-extremal black hole
ds2 =
[
lρ
(
f+ζ
+ + f−ζ−
)
+ l
2
4
(
ζ+ − ζ−
)2]
dv2 + 2ldvdρ
+ l
(
J +
ζ+
− J
−
ζ−
)
dρdφ+ lρ
(
J +
ζ+
− J
−
ζ−
)(
f+ζ
+ + f−ζ−
)
dvdφ
+
[
l2
4
(
J + + J −
)2 − lρ
ζ+ζ−
(
f+ζ
+ + f−ζ−
)
J +J −
]
dφ2,
(551)
where ζ± are constant parameters, J ± = J ±(φ) are arbitrary functions of φ and f± = f±(ρ) are
given as
f±(ρ) = 1− ρ2lζ± . (552)
This metric is written in the ingoing Eddington-Finkelstein coordinates: v, ρ and φ are the advanced
time, the radial coordinate and the angular coordinate, respectively. In the particular case of
ζ± = −a, where the constant a is the Rindler acceleration, the metric reduces to
ds2 =− 2alρf(ρ)dv2 + 2ldvdρ− 2a−1θ(φ)dφdρ+ 4ρθ(φ)f(ρ)dvdφ
+
[
γ(φ)2 + 2ρ
al
f(ρ)
(
γ(φ)2 − θ(φ)2
)]
dφ2,
(553)
where lJ ± = γ ± θ and f(ρ) = 1 + ρ2la . It describes a spacetime which possesses an event horizon
located at ρ = 0 and solves the cosmological Einstein’s gravity (282).
The following Killing vector
ξv = 12
−
( 1
ζ+
− 1
ζ−
)(J +
ζ+
− J
−
ζ−
)(
J +
ζ+
+ J
−
ζ−
)−1
+
( 1
ζ+
+ 1
ζ−
)Ξ(φ)
ξρ = 0
ξφ =
( 1
ζ+
− 1
ζ−
)(J +
ζ+
+ J
−
ζ−
)−1
Ξ(φ)
(554)
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preserves the fall-off conditions (551), up to terms that involve powers of δJ , i.e. we ignore the
terms of order O(δJ 2). Ξ(φ) is an arbitrary function of φ. Under the transformations generated
by the Killing vector field, the arbitrary functions J ±(φ) transform as
δξJ ± = ±Ξ′, (555)
We can use the modified version of the Lie brackets (381) to show that
[ξ1, ξ2] = 0. (556)
Therefore, the Killing vectors ξ1 = ξ(Ξ1) and ξ2 = ξ(Ξ2) commute. The dreibeins for (551) are
e0 =− 12
[
2− lρ2
(
f+ζ
+ + f−ζ−
)]
dv + l2dρ
+ 12
[
−
(
J +
ζ+
− J
−
ζ−
)
+ lρ2
(
f+J + − f−J −
)]
dφ
e1 = l2
(
ζ+ − ζ−
)
dv + l2
[(
J + + J −
)
− ρ
l
(
J +
ζ+
+ J
−
ζ−
)]
dφ
e2 =− 12
[
2 + lρ2
(
f+ζ
+ + f−ζ−
)]
dv − l2dρ
− 12
[(
J +
ζ+
− J
−
ζ−
)
+ lρ2
(
f+J + − f−J −
)]
dφ.
(557)
A. Application to the general minimal massive gravity
Now we want to simplify (377) in the GMMG model for for Einstein spaces, for which we have
(282). To this end, we use the equations (315)-(318) and (289), then we find
δQ(ξ) = − 18piG
ˆ
Σ
{
−
(
σ + αH
µ
+ F
m2
)
[(iξΩ− χξ) · δe+ iξe · δΩ]
+ 1
µ
[
(iξΩ− χξ) · δΩ + 1
l2
iξe · δe
]}
.
(558)
The torsion free spin-connection is given by (245), then by substituting (557) into (245) one gets
Ω0 =− 14
(
ζ+ − ζ−
)
ρdv + 12l
[(
J +
ζ+
+ J
−
ζ−
)
− lρ2
(
f+J + + f−J −
)]
dφ
Ω1 =− 12
[(
ζ+ + ζ−
)
− 2ρ
l
]
dv − 12
[(
1− ρ
lζ+
)
J + −
(
1− ρ
lζ−
)
J −
]
dφ
Ω2 =14
(
ζ+ − ζ−
)
ρdv + 12l
[(
J +
ζ+
+ J
−
ζ−
)
+ lρ2
(
f+J + + f−J −
)]
dφ.
(559)
On the other hand, χaξ is given by (401). Therefore, using equations (554), (557), (559), one obtains
(iξΩ− χξ) · δe+ iξe · δΩ =− l2
(
ΞδJ + + ΞδJ −
)
dφ+O(δJ 2),
(iξΩ− χξ) · δΩ + 1
l2
iξe · δe =12
(
ΞδJ + − ΞδJ −
)
dφ+O(δˆJ 2).
(560)
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By substituting (560) into (558) and carrying an integration over the one-parameter path on the
solution space, one arrives at
Q(ξ) = Q(τ+) +Q(τ−) (561)
where τ± = ±Ξ(φ) and Q(τ±) reads
Q(τ±) = ∓ k4pi
(
σ ∓ 1
µl
+ αH
µ
+ F
m2
) ˆ 2pi
0
τ±(φ)J ±(φ)dφ. (562)
In the equation (562), we set k = l4G . The algebra of conserved charges is (378). Due to (380) and
(556), one can deduce that δξ2Q(ξ1) = C (ξ1, ξ2). By varying (561) with respect to the dynamical
fields so that the variation is generated by a Killing vector, one has
δτ±2
Q(τ±1 ) =∓
k
8pi
(
σ ∓ 1
µl
+ αH
µ
+ F
m2
) ˆ 2pi
0
Ξ12(φ)dφ,
δˆτ±2
Q(τ∓1 ) =0,
(563)
where
Ξ12 = Ξ1Ξ′2 − Ξ2Ξ′1. (564)
By setting τ± = ±Ξ(φ) = ±einφ, one can expand Q(τ±) in the Fourier modes
J±n = −
k
4pi
(
σ ∓ 1
µl
+ αH
µ
+ F
m2
)ˆ 2pi
0
einφJ ±(φ)dφ. (565)
Also, by substituting Ξ1 = einφ, Ξ2 = eimφ into (563) and replacing the Dirac brackets with
commutators, we get [
Jˆ±n , Jˆ
±
m
]
=± k2
(
σ ∓ 1
µl
+ αH
µ
+ F
m2
)
nδm+n,0,[
Jˆ±n , Jˆ
∓
m
]
=0.
(566)
Similar to the near horizon symmetry algebra of the black flower solutions of the Einstein’s gravity,
the above algebra consists of two U(1) algebras, but with levels ±k2 . The level of the algebra is
given by ±k2
(
σ ∓ 1µl + αHµ + Fm2
)
.
One can change the basis as
Xˆn =
1√2u+ Jˆ
+
n −
i√2u− Jˆ
−
n for n ∈ Z
Pˆn =
i
n
√2u+ Jˆ
+
−n −
1
n
√2u− Jˆ
−
−n for n 6= 0
Pˆ0 =Jˆ+0 + Jˆ−0 for n = 0,
(567)
where
u± = ±k2
(
σ ∓ 1
µl
+ αH
µ
+ F
m2
)
. (568)
Then the algebra (566), takes the following form[
Xˆn, Xˆm
]
=
[
Pˆn, Pˆm
]
=
[
Xˆ0, Pˆn
]
=
[
Pˆ0, Xˆn
]
= 0 (569)
83
[
Xˆn, Pˆm
]
= iδnm for n,m 6= 0, (570)
which is the Heisenberg algebra and Xˆ0 and Pˆ0 are the two Casimirs. It is interesting that, for the
GMMG, the Heisenberg algebra appears as the near horizon symmetry algebra of the black flower
solutions. Comparing the definition of Pˆ0 and (561), one notes that Pˆ0 is just the Hamiltonian, i.e.
Hˆ ≡ Pˆ0.
Setting σ = 1, µ→∞ andm2 →∞, the above results (562), (565) and (566), which we obtained
for the Chern-Simons-like theories of gravity, reduce to the Cosmological Einstein’s theory obtained
in [184] with different methods.
B. Soft hair and the soft hairy black hole entropy
We know that the Hamiltonian H = P0 gives the dynamics of the system near the horizon. Let
us consider all the descendants of the vacuum [184]
|ψ(q)〉 = N(q)
N+∏
i=1
(
J+−n+i
)m+i N−∏
i=1
(
J−−n−i
)m−i |0〉 (571)
where q is a set of arbitrary non-negative integer quantum numbers N±, n±i and m±i . Also, N(q)
is a normalization constant such that 〈ψ(q)|ψ(q)〉 = 1. The Hamiltonian Hˆ = Jˆ+0 + Jˆ−0 commutes
with all the generators Jˆ±n , so the energy of all states are the same. The energy of the vacuum
state is given by
H|0〉 = Evac|0〉. (572)
Also, for all descendants, we have
Eψ = 〈ψ(q)|H|ψ(q)〉. (573)
Due to the mentioned property of the Hamiltonian, we find that all descendants of the vacuum
have the same energy as the vacuum,
Eψ = Evac, (574)
in other words, they are soft hairs in the sense of having zero-energy [184, 185].
For the case of the BTZ black hole, we have
J ± = −1
l
(r+ ∓ r−) , ζ± = −κH = −r
2
+ − r2−
l2r+
, (575)
By substituting (575) into (565), we find the eigenvalues of Jˆ±n as
j±n =
1
8G
(
σ ∓ 1
µl
+ αH
µ
+ F
m2
)
(r+ ∓ r−) δn,0. (576)
The entropy of a soft hairy black hole is related to the zero mode charges j±0 by the following
formula [184–188]
S = 2pi
(
j+0 + j−0
)
. (577)
Let us discuss about relation between this result and Iyer-Wald one which states that the entropy
is a Noether charge (See XVI). To do this, we restrict ourselves to the case in which ζ± = −a.
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In this case, asymptotic Killing vector (554) reduces to ξ = −a−1Ξ(φ)∂v which means that Ξ(φ)
generator is a supertranslation associated with the symmetry
v → v − a−1Ξ(φ). (578)
Therefore, the charge P0 conjugate to time translations ξ0 = −a−1∂v is proportional to the black
hole entropy. Such a discussion makes it clear that Eq. (577) is consistent with the Iyer-Wald
statement but Eq. (577) naturally motivates performing a microstate counting in the spirit of
[189, 190]. Hence, by substituting (576) into (577), we find the entropy of the BTZ black hole
solution of GMMG as
S = pi2G
{(
σ + αH
µ
+ F
m2
)
r+ +
r−
µl
}
(579)
which is equivalent to (511). Since, Jˆ+0 + Jˆ−0 = Pˆ0 is one of two Casimirs of algebra, i.e. Pˆ0 is a
constant of motion, we expect that the zero mode eigenvalue of Pˆ0 is a conserved charge. We have
shown that the entropy is intended conserved charge in the general minimal massive gravity and
cosmological Einstein’s gravity.
XXIII. HORIZON FLUFFS IN GENERALIZED MINIMAL MASSIVE GRAVITY
Banados geometries have the metric [191]
ds2 = l2dr
2
r2
−
(
rdx+ − l
2L−
r
dx−
)(
rdx− − l
2L+
r
dx+
)
, (580)
where x± = t/l ± φ. r, t and φ ∼ φ + 2pi are respectively radial, time and angular coordinates
and L± = L±(x±) are two arbitrary periodic functions. This metric solves cosmological Einstein’s
gravity, then we can use the expression (558). The metric under transformations generated by ξ
transforms as δ
ξ
gµν = £ξgµν . The variation generated by the following Killing vector field preserves
the form of the metric [192]
ξr =− r2
(
∂+T
+ + ∂−T−
)
,
ξ± =T± + l
2r2∂2∓T∓ + l4L∓∂2±T±
2 (r4 − l4L+L−) ,
(581)
where T± = T±(x±) are two arbitrary periodic functions. In other words, under transformation
generated by the Killing vector field (581), the metric (580) transforms as [192]
gµν [L+,L−]→ gµν [L+ + δξL+,L− + δξL−], (582)
with
δξL± = 2L±∂±T± + T±∂±L± − 12∂
3
±T
±, (583)
Banados geometries obey the standard Brown-Henneaux boundary conditions at spatial infinity
(see (409)). So, by expanding the Killing vector field (581) at spatial infinity we will find the
asymptotic Killing vectors (411). If we set δξL± = 0, we can get the exact symmetries of the
Banados geometries. In this case T± are not arbitrary functions and this was considered in [193,
194]. Here, we consider the general case in which δξL± 6= 0. Since ξ depends on the dynamical
fields, we need to use the modified version of the Lie brackets (381). By substituting (581) into
(381), we find a closed algebra[
ξ(T+1 , T−1 ), ξ(T+2 , T−2 )
]
= ξ(T+12, T−12), (584)
where T±12 = T±1 ∂±T±2 − T±2 ∂±T±1 .
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A. "Asymptotic" and "near horizon" conserved charges and their algebras
1. Asymptotic conserved charges
Now, we are going to obtain the conserved charges that correspond to the asymptotic symmetries
of generic black holes in the class of Banados geometries for GMMG [195]. Then we will obtain
the algebra satisfied by these charges. The dreibein that correspond to the line-element (580) are
e0 =12
(
r − l
2L+
r
)
dx+ + 12
(
r − l
2L−
r
)
dx−,
e1 =12
(
r + l
2L+
r
)
dx+ − 12
(
r + l
2L−
r
)
dx−,
e2 = l
r
dr.
(585)
The torsion-free spin-connection is
Ω0 = 12l
(
r − l
2L+
r
)
dx+ − 12l
(
r − l
2L−
r
)
dx−,
Ω1 = 12l
(
r + l
2L+
r
)
dx+ + 12l
(
r + l
2L−
r
)
dx−,
Ω2 =0,
(586)
where (245) was used. One can use (401), (581), (585) and (586) to find
(iξΩ− χξ) · δˆe+ iξe · δˆΩ =l
(
T+δˆL+dx+ − T−δˆL−dx−
)
,
(iξΩ− χξ) · δˆΩ + 1
l2
iξe · δˆe =T+δˆL+dx+ + T−δˆL−dx−.
(587)
By substituting (587) into (558) and taking an integration over a one-parameter path on the
solution space, we obtain the conserved charge corresponding to the Killing vector field (581) as
Q(ξ) = Q+(T+) +Q−(T−), (588)
where
Q±(T±) = ± l8piG
(
σ + αH
µ
+ F
m2
∓ 1
µl
) ˆ
Σ
T±L±dx±. (589)
The algebra of the conserved charges can be obtained by (378). Hence, by substituting (583), (584)
and (588) into (378), we find{
Q±(T±1 ), Q±(T±2 )
}
D.B.
=Q±(T±12)
− l4piG
(
σ + αH
µ
+ F
m2
∓ 1
µl
){ ˆ
Σ
T±12L±dx±
− 18
ˆ
Σ
(
T±1 ∂
3
±T
±
2 − T±2 ∂3±T±1
)
dx±
}
,
(590)
{
Q±(T±1 ), Q∓(T∓2 )
}
D.B.
= 0. (591)
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By introducing the Fourier modes Q±m = Q±(eimx
±), one arrives at
i
{
Q±m, Q
±
n
}
D.B. =(m− n)Q±m+n
− l8G
(
σ + αH
µ
+ F
m2
∓ 1
µl
){
n3δm+n,0 +
2
pi
(m− n)L˜±(m+n)
}
,
(592)
i
{
Q±m, Q
∓
n
}
D.B. = 0, (593)
where
L˜±m =
ˆ
Σ
eimx
±L±dx±. (594)
Now we set Lˆ±m ≡ Q±m and replace the Dirac brackets by commutators and after making a constant
shift on the spectrum of Lˆ±m, we have[
Lˆ±m, Lˆ
±
n
]
= (m− n)Lˆ±m+n +
c±
12m
2(m− 1)δm+n,0, (595)
[
Lˆ+m, Lˆ
−
n
]
= 0, (596)
where c± are the central charges given by
c± =
3l
2G
(
σ + αH
µ
+ F
m2
∓ 1
µl
)
. (597)
It is clear that Lˆ±m are the generators of the Virasoro algebra and the algebra of the asymptotic
conserved charges is isomorphic to two copies of the Virasoro algebra.
2. Near horizon conserved charges
In the section XXII, we found the near horizon conserved charges of non-extremal black holes in
the GMMG. Also, we showed that the obtained near horizon conserved charges obey the following
algebra (see (566) and compare with (597))[
Jˆ±m, Jˆ
±
n
]
= ±c±12mδm+n,0 , (598)
[
Jˆ+m, Jˆ
−
n
]
= 0. (599)
Similar to the near horizon symmetry algebra in the Einstein’s gravity, the algebra (598) and (599)
consists of two U(1) current algebras, but with levels ± l8G , here the level of algebra is given as
± c±12 .
B. Relation between the asymptotic and near horizon algebras
To relate the asymptotic Virasoro algebra (595) and the near horizon algebra (598), one needs
a twisted Sugawara construction [196]:
Lˆ±m =
im√±2 Jˆ
±
m ±
6
c±
∑
p∈Z
Jˆ±m−pJˆ
±
p . (600)
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It is straightforward to show that they satisfy[
Lˆ±m, Lˆ
±
n
]
= (m− n)Lˆ±m+n +
c±
12m
3δm+n,0, (601)
Now, we can get to the asymptotic Virasoro algebra by making a shift on the spectrum of Lˆ±m by
a constant,
Lˆ±m = Lˆ±m +
c±
24 δm+n,0 . (602)
In this way, we can relate the near horizon symmetry algebra to the asymptotic one in the context
of GMMG. This relation shows that the main part of the horizon fluffs proposed by [193, 197]
appear for generic black holes in the class of Banados geometries in GMMG model.
XXIV. ASYMPTOTICALLY FLAT SPACETIMES IN GENERAL MINIMAL MASSIVE
GRAVITY
We apply the fall of conditions presented in [198] for the asymptotically flat spacetime solutions
of GMMG model.
A. Asymptotically 2+1 Dimensional Flat Spacetimes
In this subsection, we consider the following fall of conditions for asymptotically flat spacetimes
guu =M(φ) +O(r−2)
gur =− eA(φ) +O(r−2)
guφ =N (u, φ) +O(r−1)
grr =O(r−2)
grφ =− eA(φ)E(u, φ) +O(r−1)
gφφ =e2A(φ)r2 + E(u, φ) [2N (u, φ)−M(φ)E(u, φ)] +O(r−1)
(603)
with
N (u, φ) = L(φ) + 12u∂φM(φ), E(u, φ) = B(φ) + u∂φA(φ) (604)
as given in [198]. In the this metric M(φ), A(φ), B(φ) and L(φ) are arbitrary functions. The
variation generated by the following Killing vector field preserves the boundary conditions
ξu =α(u, φ)− 1
r
e−A(φ)E(u, φ)β(u, φ) +O(r−2),
ξr =rX(φ) + e−A(φ) [E(u, φ)∂φX(φ)− ∂φβ(u, φ)] ,
+ 1
r
e−2A(φ)β(u, φ) [N (u, φ)−M(φ)E(u, φ)] +O(r−2),
ξφ =Y (φ) + 1
r
e−A(φ)β(u, φ) +O(r−2),
(605)
with
α(u, φ) = T (φ) + u∂φY (φ), β(u, φ) = Z(φ) + u∂φX(φ), (606)
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where T (φ), X(φ), Y (φ) and Z(φ) are arbitrary functions of φ. Since ξ depends on the dynamical
fields, we have to use the modified version of the Lie brackets (381). By substituting (605) into
(381), one finds
[ξ1, ξ2] = ξ12, (607)
where ξ12 = ξ(T12, X12, Y12, Z12), with
T12 =Y1∂φT2 − Y2∂φT1 + T1∂φY2 − T2∂φY1,
X12 =Y1∂φX2 − Y2∂φX1,
Y12 =Y1∂φY2 − Y2∂φY1,
Z12 =Y1∂φZ2 − Y2∂φZ1 + T1∂φX2 − T2∂φX1.
(608)
Under a transformation generated by the Killing vector fields (605), the arbitrary functionsM(φ),
A(φ), B(φ) and L(φ) transform as
δξM(φ) =− 2∂φX(φ)∂φA(φ) + 2∂φY (φ)M(φ) + Y (φ)∂φM(φ)
+ 2∂2φX(φ),
(609)
δξA(φ) = Y (φ)∂φA(φ) + ∂φY (φ) +X(φ), (610)
δξB(φ) = T (φ)∂φA(φ) + Y (φ)∂φB(φ) + Z(φ) + ∂φT (φ), (611)
δξL(φ) =∂φT (φ)M(φ) + Y (φ)∂φL(φ) + 2∂φY (φ)L(φ) + 12T (φ)∂φM(φ)
− ∂φZ(φ)∂φA(φ)− ∂φX(φ)∂φB(φ) + ∂2φZ(φ).
(612)
By introducing the Fourier modes
ξ(T )m =ξ(eimφ, 0, 0, 0),
ξ(X)m =ξ(0, eimφ, 0, 0),
ξ(Y )m =ξ(0, 0, eimφ, 0),
ξ(Z)m =ξ(0, 0, 0, eimφ),
(613)
one has
i
[
ξ(T )m , ξ
(T )
n
]
= 0, i
[
ξ(T )m , ξ
(Z)
n
]
= 0, i
[
ξ(X)m , ξ
(X)
n
]
= 0,
i
[
ξ(X)m , ξ
(Z)
n
]
= 0, i
[
ξ(Z)m , ξ
(Z)
n
]
= 0, i
[
ξ(T )m , ξ
(X)
n
]
= −nξ(Z)m+n,
i
[
ξ(X)m , ξ
(Y )
n
]
= mξ(X)m+n, i
[
ξ(Y )m , ξ
(Z)
n
]
= −nξ(Z)m+n,
i
[
ξ(T )m , ξ
(Y )
n
]
= (m− n)ξ(T )m+n, i
[
ξ(Y )m , ξ
(Y )
n
]
= (m− n)ξ(Y )m+n.
(614)
Now we introduce the following dreibeins
e0u = r −
1
4rM(φ) +O(r
−2), e0r =
1
2re
A(φ) +O(r−2),
e0φ = rE(u, φ)−
1
4r [2N (u, φ)−M(φ)E(u, φ)] +O(r
−2),
e1u = O(r−2), e1r = O(r−2), e1φ = reA(φ) +O(r−2),
e2u = −r −
1
4rM(φ) +O(r
−2), e2r =
1
2re
A(φ) +O(r−2),
e2φ = −rE(u, φ)−
1
4r [2N (u, φ)−M(φ)E(u, φ)] +O(r
−2).
(615)
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The torsion-free dual curvature 2-form is
Ra(Ω) = 12e
a
λ
λαβRαβµνdxµ ∧ dxν , (616)
therefore, for this spacetime, we have
R(Ω) = O(r−2). (617)
Now, in the context of GMMG, we consider the following ansatz
f = Fe, h = He, (618)
where F and H are just two constant parameters. By substituting (617) and (618) into the field
equations of GMMG (312)- (314), we find
Λ0 = α (1 + ασ)H2 +
F 2
m2
,
F = µ (1 + ασ)H + µα
m2
HF,
F + 12α
2H2 = 0.
(619)
Thus, the metric (603) solves equations of motion of GMMG asymptotically provided that Λ0, F
and H satisfy equations (619) which admit the following trivial solution
Λ0 = F = H = 0. (620)
Now, we consider the case in which α 6= 0. In that case we have two non-trivial solution
H± =
m2
2µα ±
[
m4
4µ2α2 +
m2
α3
(1 + ασ)
] 1
2
,
F± =− 12α
2H2±,
Λ0± =αH2±
[
(1 + ασ) + α
3
4m2H
2
±
]
.
(621)
If one considers the case in which α = 0 then one again gets the trivial solution (620). Thus, for
asymptotically flat spacetimes in GMMG, in contrast to Einstein gravity, cosmological parameter
could be non-zero.
B. Conserved charges of asymptotically flat spacetimes in general minimal massive gravity
One can use equations (306), (289), (620) and (621) to simplify the expression (377) So for
asymptotically flat spacetimes [199]
δQ(ξ) = 18piG limr→∞
ˆ 2pi
0
{(
σ + αH
µ
+ F
m2
)
[iξe · δΩφ + (iξΩ− χξ) · δeφ]
− 1
µ
(iξΩ− χξ) · δΩφ
}
dφ.
(622)
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By substituting (615) into (622), using (245) and (401), and taking an integration over the one-
parameter path on the solution space to find the conserved charge corresponding to the Killing
vector field (605), we obtain
Q(T,X, Y, Z) = M(T ) + J(X) + L(Y ) + P (Z), (623)
with
M(T ) = 116piG
(
σ + αH
µ
+ F
m2
) ˆ 2pi
0
T (φ)M(φ)dφ, (624)
J(X) = − 18piG
ˆ 2pi
0
X(φ)
[(
σ + αH
µ
+ F
m2
)
∂φB(φ)− 12µ∂φA(φ)
]
dφ, (625)
L(Y ) = 18piG
ˆ 2pi
0
Y (φ)
{(
σ + αH
µ
+ F
m2
)
L(φ)
− 14µ
[
2M(φ) + (∂φA(φ))2 − 2∂2φA(φ)
]}
dφ,
(626)
P (Z) = − 18piG
(
σ + αH
µ
+ F
m2
) ˆ 2pi
0
Z(φ)∂φA(φ)dφ. (627)
The algebra of conserved charges is given by (378). The left hand side of the equation (378) is
defined by (379). Therefore one can find the central extension by using (380). By substituting
(623) and the equations (607)-(612) into (380), we obtain the central extension
C (ξ1, ξ2) = 18piG
(
σ + αH
µ
+ F
m2
) ˆ 2pi
0
{(
T1∂
2
φX2 − T2∂2φX1
)
+
(
Y1∂
2
φZ2 − Y2∂2φZ1
)
− (X1∂φZ2 −X2∂φZ1)
}
dφ
− 116piGµ
ˆ 2pi
0
{(
Y1∂
2
φX2 − Y2∂2φX1
)
−X1∂φX2 − Y1∂3φY2
}
dφ.
(628)
By introducing the Fourier modes
Mm =Q(eimφ, 0, 0, 0) = M(eimφ),
Jm =Q(0, eimφ, 0, 0) = J(eimφ),
Lm =Q(0, 0, eimφ, 0) = L(eimφ),
Pm =Q(0, 0, 0, eimφ) = P (eimφ),
(629)
we find
i{Mm,Mn} = 0, i{Mm, Pn} = 0, i{Pm, Pn} = 0,
i{Jm, Jn} = kJnδm+n,0, i{Jm, Pn} = kPnδm+n,0,
i{Mm, Jn} = −nPm+n − ikPn2δm+n,0,
i{Jm, Ln} = mJm+n + ikJm2δm+n,0,
i{Lm, Pn} = −nPm+n − ikPn2δm+n,0,
i{Mm, Ln} = (m− n)Mm+n,
i{Lm, Ln} = (m− n)Lm+n + kJm3δm+n,0,
(630)
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where kP and kJ are given as
kP =
1
4G
(
σ + αH
µ
+ F
m2
)
, kJ = − 18Gµ. (631)
Now we set Mˆm ≡ Mm, Jˆm ≡ Jm, Lˆm ≡ Lm and Pˆm ≡ Pm, also we replace Dirac brackets by
commutators i{, }D.B. → [, ], therefore we can rewrite equations (630) as
[L˜m, L˜n] = (m− n)L˜m+n + cL12m
3δm+n,0
[M˜m, L˜n] = (m− n)M˜m+n + cM12 m
3δm+n,0, [M˜m, M˜n] = 0,
(632)
[M˜m, Jˆn] = −nPˆm+n, [M˜m, Pˆn] = 0,
[L˜m, Jˆn] = −nJˆm+n, [L˜m, Pˆn] = −nPˆm+n,
[Pˆm, Pˆn] = 0, [Jˆm, Jˆn] = kJnδm+n,0, [Jˆm, Pˆn] = kpnδm+n,0,
(633)
with
cL = 24kJ = − 3
Gµ
, cM = 12kP =
3
G
(
σ + αH
µ
+ F
m2
)
, (634)
where we have performed the shift:
M˜m = Mˆm + imPˆm, L˜m = Lˆm + imJˆm. (635)
The resulting asymptotic symmetry algebra (632) and (633) is a semidirect product of a bms3
algebra, with central charges cL and cM , and two u(1) current algebras [198]. If we set σ = +1,
α = 0 andm2 →∞ the algebra (632) and (633) reduce to the one presented in [198] for topologically
massive gravity.
The the algebra of the asymptotic conserved charges of asymptotically AdS3 spacetimes in
GMMG is isomorphic to two copies of the Virasoro algebra (see (595)-(597)). The BMS algebra
(632) can be obtained by a contraction of the AdS3 asymptotic symmetry algebra
L˜m = Lˆ+m − Lˆ−−m, M˜m =
1
l
(
Lˆ+m + Lˆ−−m
)
, (636)
when the AdS3 radius tends to infinity in the flat-space limit [200, 201]. Then the corresponding
BMS central charges in the algebra (632) become
cM = lim
l→∞
1
l
(c+ + c−) , cL = lim
l→∞
(c+ − c−) . (637)
C. Thermodynamics
We know that the energy and the angular momentum are conserved charges corresponding to
two asymptotic Killing vector fields ∂u and −∂φ, respectively. It can be seen that ∂u and −∂φ are
asymptotic Killing vector fields admitted by spacetimes which behave asymptotically as (603) when
we have M(φ) = M, A(φ) = A, L(φ) = L and B(φ) = B, where M, A, L and B are constants.
Hence, with this assumption, one can use (622) to find the energy and the angular momentum:
E = Q(∂u) =
1
8G
(
σ + αH
µ
+ F
m2
)
M, (638)
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J = Q(−∂φ) = − 14G
[(
σ + αH
µ
+ F
m2
)
L − 12µM
]
, (639)
respectively.The cosmological horizon is located at the solution to the following equation
guugφφ − (guφ)2 = 0, (640)
which is
rH =
e−A√M |L −MB| . (641)
One can associate an angular velocity to the cosmological horizon as
ΩH = −guφ
gφφ
∣∣∣∣
r=rH
= −ML . (642)
Since the norm of Killing vector ζ = ∂u + ΩH∂φ vanishes on the cosmological horizon, one can
associate a temperature to the cosmological horizon as
TH =
κH
2pi (643)
where
κH =
[
−12∇µζν∇
µζν
] 1
2
r=rH
, (644)
therefore we have
TH =
M 32
2piL . (645)
One can obtain entropy in the context of GMMG using (510). On the cosmological horizon we
have
gφφ
∣∣
r=rH
= L
2
M , Ωφφ
∣∣
r=rH
= L, (646)
then (510) becomes
S = pi2G
[(
σ + αH
µ
+ F
m2
) L√M − 1µ√M
]
. (647)
One can easily check that (638), (639), (642), (645) and (647) satisfy the first law of flat space
cosmologies [148] which is given as
δE = −THδS + ΩHδJ. (648)
It is easy to see that the obtained results (638), (639) and (647) will reduce to the corresponding
results in topologically massive gravity [198] for σ = +1, α = 0 and m2 →∞.
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XXV. CONSERVED CHARGES OF MINIMAL MASSIVE GRAVITY COUPLED TO
SCALAR FIELD
A. Minimal massive gravity coupled to a scalar field
In [202], it was demonstrated that from the Lorentz-Chern-Simons action, a topologically mas-
sive gravity (TMG) non-minimally coupled to a scalar field can be constructed. Given
LCS(ω) = ωab ∧ dωba +
2
3ω
a
b ∧ ωbc ∧ ωca, (649)
where ωab are the components of spin-connection 1-form, we can decompose the spin-connection
in two independent parts (227), where Ωab is the torsion-free part which is known as Riemannian
spin-connection and Cab is contorsion 1-form. As discussed before, we denote contorsion 1-form by
κab (see (395)). The field equations for the Lorentz-Chern-Simons Lagrangian are
Rab(ω) = dωab + ωac ∧ ωcb = 0, (650)
where Rab(ω) is curvature 2-form. Using the Bianchi identities (232), we find that D(ω)T a(ω) = 0.
This equation has the following solution in three dimensions
T a(ω) = ϕ0εabceb ∧ ec, (651)
where ϕ0 is a constant. By comparing (395) and (651), we find
κab = −ϕ0εabcec. (652)
In [202], the authors upgrade ϕ0 to be a local dynamical field ϕ = ϕ(x). By substituting ωab =
Ωab + κab with κab = −ϕεabcec into the Lagrangian (649), we have
LCS(ω) =
1
2LCS(Ω) + ϕεabce
a ∧Rbc(Ω) + 13ϕ
3εabce
a ∧ eb ∧ ec
+ ϕ2ea ∧ T a(Ω) + 12d
(
ϕεabcΩab ∧ ec
)
.
(653)
Eventually, in [202] the following Lagrangian is arrived at
L[λ,m] =ϕεabcea ∧Rbc(Ω) +
1
3!λϕ
3εabce
a ∧ eb ∧ ec + 12mLCS(Ω)
+ ϕ2ea ∧ T a(Ω) + 12d
(
ϕεabcΩab ∧ ec
)
+ 12mζa ∧ T
a(Ω),
(654)
where λ and m are two parameters and they are introduced to denote the cosmological constant
and the mass parameter of the TMG, respectively. The last term in the Lagrangian (654) makes
this theory to be torsion free. This theory describes the topologically massive gravity coupled
non-minimally to a scalar field.
We discussed before that, in thee dimensions, it is convenient to define the dual spin connection
1-form and the dual curvature 2-form as (243). By using a 3D-vector algebra notation for Lorentz
vectors, the dual curvature and torsion 2-forms can be written as (247) and (248) in terms of
the dual spin-connection, respectively. So far we have reviewed the main idea of the paper [202].
Now, we are going to generalize the Lagrangian (654) such that it describes the minimal massive
gravity non-minimally coupled to a scalar field [203]. In order to generalize the Lagrangian (654),
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we consider the spin connection Ωab and the dreibein ea as two independent dynamical fields on
equal footing. First of all, we consider the following redefinitions in the Lagrangian (654)
λ→ 2λ, m→ µ, L[λ,m] → 2L,
1
4mζ → h, Ω→ ω,
(655)
and then, we add the following term to it
1
2αe · h× h, (656)
where α is just a parameter with dimension length. Thus, we have
L =ϕe ·R(ω) + 13!λϕ
3e · e× e+ 12µ(ω · dω +
1
3ω · ω × ω)
+ 12ϕ
2e · T (ω) + h · T (ω) + 12d (ϕω · e) +
1
2αe · h× h.
(657)
It is easy to see that the theory described by the above Lagrangian is not a torsion free one (for 3D
gravities with torsion see [204–206]). If one eliminates the last two terms in the Lagrangian (657),
one may interpret the obtained Lagrangian as a Lagrangian of the Mielke-Baekler model [207]
non-minimally coupled to a scalar field. But we should note that the Mielke-Baekler Lagrangian
is given by [207]
LMB =θCe ·R(ω) + θΛe · e× e+ θL(ω · dω + 13ω · ω × ω)
+ θT e · T (ω) + h · T (ω).
(658)
where θC , θΛ, θL and θT are constants. By comparing (657) and (658), one may guess that,
by changing the frame as e → ϕe, the Mielke-Baekler Lagrangian (658) turns to the Lagrangian
(657) without the last two terms. But this is not correct, because the torsion 2-form will change
as T (ω) → T (ω) + dϕe under the change of frame. Thus, it seems that the considered model,
which is described by the Lagrangian (657), cannot be simply seen as a change of frame in the
Mielke-Baekler theory.
B. Field equations
To find the field equations, consider the variation of (657)
δL = δϕEϕ + δe · Ee + δω · Eω + δh · Eh + dΘ(Φ, δΦ) (659)
where Φ is a collection of all the fields, i.e. Φ = {ϕ, e, ω, h}. In the above equation, we have the
following definitions
Eϕ = e ·R(ω) + λ2ϕ
2e · e× e+ ϕe · T (ω), (660)
Ee = ϕR(ω) +
λ
2ϕ
3e× e+ 12ϕ
2T (ω) + 12αh× h+
1
2D(ω)
(
ϕ2e
)
+D(ω)h, (661)
Eω =
1
µ
R(ω) + 12ϕ
2e× e+ e× h+D(ω) (ϕe) , (662)
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Eh = T (ω) + αe× h, (663)
Θ(Φ, δΦ) = ϕδω · e+ 12µδω · ω +
1
2ϕ
2δe · e+ δe · h+ 12δ(ϕω · e). (664)
So the field equations are
Eϕ = Ee = Eω = Eh = 0, (665)
and Θ(Φ, δΦ) is a surface term. We can write (663), namely Eh = 0, as
T (ω) = de+ (ω + αh)× e = 0, (666)
It is clear that one can use (289) to rewrite the field equations of in terms of the torsion free dual
spin-connection as
e ·R(Ω) + λ2ϕ
2e · e× e− αϕe · e× h+ 12α
2e · h× h− αe ·D(Ω)h = 0, (667)
ϕR(Ω) + λ2ϕ
3e× e− αϕ2e× h− 12α(1− αϕ)h× h+ (1− αϕ)D(Ω)h+ ϕdϕe = 0, (668)
R(Ω) + 12µϕ
2e× e+ µ(1− αϕ)e× h− αD(Ω)h+ 12α
2h× h+ µdϕe = 0, (669)
T (Ω) = 0. (670)
To obtain the above equations we have used
D(ω)f = D(Ω)f − αh× f, (671)
where f is an arbitrary Lorentz vector valued 1-form. By combining the equations (668) and (669),
we have
R(Ω) + 12 [αλϕ+ µ(1− αϕ)]ϕ
2e× e+
[
µ(1− αϕ)2 − α2ϕ2
]
e× h
+ [αϕ+ µ(1− αϕ)] dϕe = 0.
(672)
We can solve this equation to find
haµ = −
1
[µ(1− αϕ)2 − α2ϕ2]{S
a
µ +
1
2 [αλϕ+ µ(1− αϕ)]ϕ
2eaµ
+ [αϕ+ µ(1− αϕ)] εabce νb ecµ∂νϕ}.
(673)
In contrast to ordinary MMG, hµν is not a symmetric tensor, i.e. in the given model, the condition
e · h = 0 no longer holds. In the equation (673), Sµν is 3D Schouten tensor (293).
For the BTZ black hole spacetime (284), we have
R(Ω) = − 12l2 e× e, S
a = − 12l2 e
a. (674)
Assuming that ϕ is a constant, say ϕ = ϕ0, the BTZ black hole spacetime solves the field equations
(667)-(670). So, by taking ϕ = ϕ0, for BTZ black hole spacetime the equation (673) reduces to
ha = βea, (675)
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where
β = 1− αλl
2ϕ30 − µl2(1− αϕ0)ϕ20
2l2
[
µ(1− αϕ0)2 − α2ϕ20
] . (676)
By substituting (674) and (675) into the equations (667)-(670), we have
− 12l2 +
1
2λϕ
2
0 − αβϕ0 +
1
2α
2β2 = 0, (677)
− ϕ02l2 +
1
2λϕ
3
0 − αβϕ20 −
1
2αβ
2(1− αϕ0) = 0, (678)
− 12l2 +
1
2µϕ
2
0 + µβ(1− αϕ0) +
1
2α
2β2 = 0. (679)
It is obvious that by combining (678) and (679), the equation (676) can be obtained. Thus, the
BTZ black hole spacetime together with ϕ = ϕ0 is be a solution of the considered model when the
equation (677) is satisfied, where β is given by (676). When we combine equations (677) and (678)
we find
αβ = 0, ϕ0 = ± 1
l
√
λ
. (680)
By substituting (680) into (679) we obtain
β = 12l2
( 1
µ
− 1
λ
)
. (681)
Now we have two types of solutions, one of those is
α = 0, ϕ0 = ± 1
l
√
λ
, β = 12l2
( 1
µ
− 1
λ
)
, (682)
and the other is given by
α 6= 0, ϕ0 = ± 1
l
√
λ
, β = 0, µ = λ (683)
In both cases we have T (ω) = 0, i.e. the BTZ black hole spacetime together with ϕ = ϕ0 will be a
torsion-free solution of the given model when one of set of equations (682) and (683) are satisfied.
C. Quasi-local conserved charges
In this subsection, we will find an expression to conserved charges of the above theory, associated
with the asymptotic Killing vector field ξ based on the quasi-local formalism for conserved charges.
Now, suppose that the variation of the Lagrangian (657), i.e. (659), is due to a diffeomorphism
which is generated by the vector field ξ, then
δξL = δξϕEϕ + δξe · Ee + δξω · Eω + δξh · Eh + dΘ(Φ, δξΦ). (684)
On the one hand, presence of topological Chern-Simons term in the Lagrangian (657) makes this
model to be Lorentz non-covariant. So, the total variation of the Lagrangian (657) due to diffeo-
morphism generator ξ can be written as
δξL = LξL+ dψξ, (685)
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Although the Lagrangian (657) is not invariant under general Lorentz gauge transformation, it
is invariant under the infinitesimal Lorentz gauge transformation (see (685) and (697)), and also
general coordinate transformation. By substituting (685), Eqs.(267)-(269) and
δξϕ = iξD(ω)ϕ, (686)
into (684), we have
d [Θ(Φ, δξΦ)− iξL− ψξ + iξe · Ee + (iξω − χξ) · Eω + iξh · Eh] =
(iξω − χξ) · [D(ω)Eω + e× Ee + h× Eh] + iξe ·D(ω)Ee + iξh ·D(ω)Eh
− iξT (ω) · Ee − iξR(ω) · Eω − iξD(ω)h · Eh − EϕiξD(ω)ϕ.
(687)
The right hand side of above equation becomes zero by virtue of the Bianchi identities (251).
Therefore, we find that
dJξ = 0, (688)
where
Jξ = Θ(Φ, δξΦ)− iξL− ψξ + iξe · Ee + (iξω − χξ) · Eω + iξh · Eh. (689)
Thus, the quantity Jξ defined above is conserved off-shell. Again locally, Jξ = dKξ. Since this
model is not Lorentz covariant we expect that the total variation of surface term differs from its
LL-derivative
δξΘ(Φ, δΦ) = LξΘ(Φ, δΦ) + Πξ. (690)
Now, we take an arbitrary variation from (689) and we find
JADT (Φ, δΦ; ξ) = d [δKξ − iξΘ(Φ, δΦ)] + δψξ −Πξ, (691)
where JADT (Φ, δΦ; ξ) is defined as
JADT (Φ, δΦ; ξ) =δe · iξEe + δω · iξEω + δh · iξEh − δϕiξEϕ
+ iξe · δEe + (iξω − χξ) · δEω + iξh · δEh
+ δΘ(Φ, δξΦ)− δξΘ(Φ, δΦ),
(692)
and we will refer to that as "extended off-shell ADT current" in the given model. In this subsection,
we consider just the cases in which ξ is independent of dynamical fields. It seems that we can write
δψξ −Πξ = dZξ, (693)
so the equation (692) can be rewritten as
JADT (Φ, δΦ; ξ) = dQADT (Φ, δΦ; ξ), (694)
where QADT (Φ, δΦ; ξ) is the extended off-shell ADT conserved charge associated to asymptotically
Killing vector field ξ which is given as
QADT (Φ, δΦ; ξ) = δKξ − iξΘ(Φ, δΦ) + Zξ. (695)
The quasi-local conserved charge associated to the Killing vector field can be define as ξ as
Q(ξ) = − 18piG
ˆ 1
0
ds
ˆ
Σ
QADT (Φ|s), (696)
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The integration over s is just integration over a one-parameter path in the solution space and s = 0
and s = 1 correspond to the background solution and the solution of interest, respectively.
It is straightforward to calculate ψξ in (685) using the fact that exterior derivative and LL-
derivative do not commute (see (275)). Thus, we have
ψξ = dχξ ·
[
−12ϕe+
1
2µω
]
. (697)
In a similar way, we can obtain Πξ in the equation (690) as
Πξ = dχξ ·
[
−12δϕe−
1
2ϕδe+
1
2µδω
]
. (698)
It is easy to see form equations (693), (697) and (698) that dZξ = 0 then we can choose Zξ to be
zero. As mentioned earlier we can write Jξ = dKξ by Poincare lemma, so from (689), we can find
Kξ as follows:
Kξ =ϕ(iξω − χξ) · e+ 12µiξω · ω −
1
µ
χξ · ω + 12ϕ
2iξe · e
+ iξe · h+ 12ϕiξω · e−
1
2ϕiξe · ω.
(699)
Considering the above results, namely equations (697)-(699), and by taking into account (289),
one can calculate the extended ADT conserved charge (695) as
QADT (Φ, δΦ; ξ) = [(iξΩ− χξ) · e− αiξh · e+ ϕiξe · e] δϕ
+
[
ϕ(iξΩ− χξ) + ϕ2iξe+ (1− αϕ)iξh
]
· δe
+
[
ϕiξe+
1
µ
(iξΩ− χξ)− α
µ
iξh
]
· δΩ
+
[
(1− αϕ)iξe− α
µ
(iξΩ− χξ) + α
2
µ
iξh
]
· δh.
(700)
To calculate the conserved charges of the considered solutions by using (700), we can employ the
expression (401) for χξ. In the above procedure to find conserved charges, we assumed that ϕ, like
e and ω, is a dynamical field. So it is clear that one can use (696), (700) and (401) to obtain the
charges associated to the solutions of our model, that may have non-constant scalar field.
D. General formula for entropy of black holes in minimal massive gravity coupled to a
scalar field
Let us consider a stationary black hole solution of the minimal massive gravity coupled to a
scalar field. We know that the entropy of a black hole is the conserved charge associated to the
Killing horizon generated by the Killing field ζ. We take the codimension two surface Σ to be the
bifurcate surface B. Assuming that ζ is the Killing vector field which generates the Killing horizon,
we must set ζ = 0 on B. Thus, the equation (700) reduces to
QADT (Φ, δΦ; ζ) = −δ
[
χζ ·
(
ϕe+ 1
µ
Ω− α
µ
h
)]
(701)
on the bifurcate surface. s = 0 and s = 1 correspond to the considered black hole spacetime
and the perturbed one, respectively. Therefore, by integrating over a one-parameter path in the
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solution space, we have
ˆ 1
0
dsQADT (Φ, δΦ; ζ) = −χζ ·
[
ϕe+ 1
µ
Ω− α
µ
h
]
. (702)
On the bifurcate surface of a stationary black hole, we have (406) with Nµ =
(
0, 0, 1/√gφφ
)
. By
substituting (406) and (702) in (696), one finds
Q(ζ) = κ8piG
ˆ 2pi
0
dφ√
gφφ
[
ϕgφφ +
1
µ
Ωφφ − α
µ
hφφ
]
. (703)
which should be calculated on the horizon. Now, we can define entropy of a stationary black hole
as
S = −2pi
κ
Q(ζ), (704)
therefore
S = − 14G
ˆ
B
dφ√
gφφ
[
ϕgφφ +
1
µ
Ωφφ − α
µ
hφφ
]
. (705)
In the above formula, hφφ is given by
hφφ = − 1[µ(1− αϕ)2 − α2ϕ2]
{
Sφφ +
1
2 [αλϕ+ µ(1− αϕ)]ϕ
2gφφ
}
. (706)
The formula (705) will be similar to the that of minimal massive gravity for ϕ = ϕ0.
E. Application for the BTZ black hole with ϕ = ϕ0
We now calculate the conserved charges and entropy of the BTZ black hole solution (284) with
ϕ = ϕ0 in the context of the above model. We take the integration surface Σ to be a circle with a
radius of infinity. Therefore, we can consider the AdS3 spacetime (415) to be background. Thus,
(700) reduces to
QADT (Φ, δΦ; ξ) =
[(
ϕ0 − αβ
µ
)
(iξΩ¯− χ¯ξ) + 1
µl2
iξ e¯
]
· δe
+
[(
ϕ0 − αβ
µ
)
iξ e¯+
1
µ
(iξΩ¯− χ¯ξ)
]
· δΩ
(707)
where (680) was used. Then integration yields
ˆ 1
0
dsQADT (Φ, δΦ; ξ) =
[(
ϕ0 − αβ
µ
)
(iξΩ¯− χ¯ξ) + 1
µl2
iξ e¯
]
·∆e
+
[(
ϕ0 − αβ
µ
)
iξ e¯+
1
µ
(iξΩ¯− χ¯ξ)
]
·∆Ω,
(708)
where ∆Φ = Φ(s=1) − Φ(s=0). By substituting (708) into (696), we find
Q(ξ) = − 18piG limr→∞
ˆ 2pi
0
{[(
ϕ0 − αβ
µ
)
(iξΩ¯− χ¯ξ) + 1
µl2
iξ e¯
]
·∆eφ
+
[(
ϕ0 − αβ
µ
)
iξ e¯+
1
µ
(iξΩ¯− χ¯ξ)
]
·∆Ωφ
}
dφ.
(709)
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For the BTZ black hole spacetime at spatial infinity, we have (420). Energy corresponds to the
Killing vector ξ(E) = ∂t:
E = 18G
[(
−ϕ0 + αβ
µ
)(
r2+ + r2−
l2
)
+ 2r+r−
µl3
]
, (710)
For BTZ, we have αβ = 0 (see (680)), thus the contribution from MMG vanishes and the expression
for energy (710) becomes
E = 18G
[
−ϕ0
(
r2+ + r2−
l2
)
+ 2r+r−
µl3
]
, (711)
Similarly, the angular momentum ( for the Killing vector ξ(J) = −∂φ) reads
J = 18G
[
−ϕ0
(2r+r−
l
)
+ r
2
+ + r2−
µl2
]
. (712)
Since on the horizon of the BTZ black hole we have (505). Hence, by substituting (505) into (705),
we find the entropy of the BTZ black hole solution to be
S = pi2G
[
−ϕ0r+ + r−
µl
]
. (713)
It is straightforward to check that these results satisfy the first law of black hole mechanics.
F. Virasoro algebra and the central extension
Now, we want to find the central extension term for the our model and subsequently we can read
off the central charges. In this subsection, we take AdS3 spacetime with ϕ = ϕ0 as background and
the integration surface Σ to be a circle with a radius of infinity. Two copies of the Witt algebra,
are given by (414), where ξ±m (m ∈ Z) are the asymptotic Killing vector fields (413). Also, the
square brackets in (414) denote the Lie bracket.
It is clear from (696) that we can write at spatial infinity
δQ(ξ) = − 18piG
ˆ
∞
QADT (Φ¯, δΦ; ξ). (714)
Therefore, integration yields
Q(ξ) = − 18piG
ˆ
∞
QADT (Φ¯,∆Φ; ξ). (715)
From (714), we can easily deduce that
δξ±nQ(ξ
±
m) = −
1
8piG
ˆ
∞
QADT (Φ¯, δξ±n Φ; ξ
±
m). (716)
Thus, by substituting (715) and (716) into (380), we find an expression for the central extension
term and consequently we can read off the central charges of the considered model. Since we take
the AdS3 spacetime with ϕ = ϕ0, the equation (716) can be rewritten as
δξ±nQ(ξ
±
m) =
1
8piG
(
−ϕ0 + αβ
µ
∓ 1
µl
)
lim
r→∞
ˆ 2pi
0
iξ±m e¯ · δξ±n A
±
φ dφ, (717)
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where A± are connections that correspond to the two so(2, 1) algebras and (416) was used. By
substituting equations (417) into (717), we find
δξ±nQ(ξ
±
m) =
iln3
8G
(
−ϕ0 + αβ
µ
∓ 1
µl
)
δm+n,0. (718)
Suppose that ϕ = ϕ0 and h = βe, as they are meaningful for the BTZ black hole, then (715) for
ξ = ξ±m becomes
Q(ξ±m) =
1
8piG
(
−ϕ0 + αβ
µ
∓ 1
µl
)
lim
r→∞
ˆ 2pi
0
iξ±m e¯ ·∆A
±
φ dφ. (719)
By substituting equations (420) into (719), we find
Q(ξ±m) =
l
16G
(
−ϕ0 + αβ
µ
∓ 1
µl
)(
r+ ∓ r−
l
)2
δm,0. (720)
Now, to find the central extension term we substitute (718) and (720) into (380) and arrive at
C(ξ±m, ξ±n ) =
il
8G
(
−ϕ0 + αβ
µ
∓ 1
µl
)[
n3 −
(
r+ ∓ r−
l
)2
n
]
δm+n,0. (721)
To obtain the usual n dependence, that is n(n2 − 1), in the the above expression, it is sufficient
one make a shift on Q(ξ±m) by a constant. Thus, by the following substitution
Q(ξ±n ) ≡ Lˆ±n , {Q(ξ±m), Q(ξ±n )}D.B. ≡ i[Lˆ±m, Lˆ±n ], (722)
the algebra among conserved charges becomes
[Lˆ±m, Lˆ±n ] = (m− n)Lˆ±m+n +
c±
12m(m
2 − 1)δm+n,0, (723)
where
c± =
3l
2G
(
−ϕ0 + αβ
µ
∓ 1
µl
)
, (724)
are central charges and Lˆ±n are the generators of the Virasoro algebra. We can read off the
eigenvalues of the Virasoro generators Lˆ±n from (720) as
l±n =
l
16G
(
−ϕ0 + αβ
µ
∓ 1
µl
)(
r+ ∓ r−
l
)2
δm,0. (725)
By virtue of (680), the contribution from MMG for the central charges and eigenvalues of the
Virasoro generators vanish, thus we have
c± =
3l
2G
(
−ϕ0 ∓ 1
µl
)
, (726)
l±n =
l
16G
(
−ϕ0 ∓ 1
µl
)(
r+ ∓ r−
l
)2
δm,0. (727)
for the central charges and the eigenvalues of the Virasoro generators, respectively. The eigenvalues
of the Virasoro generators Lˆ±n are related to the energy E and the angular momentum J of the
BTZ black hole by the following equations respectively
E = l−1(l+0 + l−0 ) =
1
8G
[
−ϕ0
(
r2+ + r2−
l2
)
+ 2r+r−
µl3
]
, (728)
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J = l−1(l+0 − l−0 ) =
1
8G
[
−ϕ0
(2r+r−
l
)
+ r
2
+ + r2−
µl2
]
. (729)
Also, to calculate the entropy of the considered black hole one can use the Cardy’s formula
S = 2pi
√
c+l
+
0
6 + 2pi
√
c−l−0
6 =
pi
2G
[
−ϕ0r+ + r−
µl
]
. (730)
By comparing above results, equations (728)-(730), with equations (711), (712) and (713) we can
see that they they indeed match.
XXVI. CONCLUSIONS
In the first part of this review, we gave detailed account of Killing charge construction of global
conserved quantities in generic gravity theories following the works of Deser-Tekin which also
relied on the work of Abbott-Deser that was carried out for cosmological Einstein’s theory. All of
these constructions of course extend the well-known ADM mass for asymptotically flat spacetimes.
We have discussed subtle issues about the decay conditions, large gauge transformations, and
linearization instability and the apparent infinite degeneracy of the vacuum solution in some critical
extended gravity theories. We applied the formalism to many explicitly known spacetimes and
computed their charges. We studied some known extended gravity theories, such as Born-Infeld
gravity in 2+1 dimensions. Using both the covariant symplectic structure construction and the
usual linearization construction, we have also shown that the AD charges are valid not only for
asymptotically flat and anti-de Sitter spacetimes (which are maximally symmetric) but they are
also valid for any Einstein space with at least one Killing vector field. We also studied the conformal
properties of these charges under the conformal transformation of the metric, a subject which is
quite relevant for the Jordan-String frame formulation versus the Einstein frame formulation of
scalar tensor theories.
In the second part of the review, we give a very exhaustive study of the conserved charges for
a large number of 2+1 dimensional gravity theories that can be considered as a Chern-Simons-
like theory of gravity. Such theories play the role of theoretical laboratories for ideas in quantum
gravity. Our approach has been in the context of spin-connection and dreibein formulation both
for global construction and quasi-local charge constructions. We also give the extended off-shell
formulation of the ADT charges. We also discussed the notions of entropy and thermodynamics of
black holes, computed the near horizon geometries and studied the relevant Virasoro algebras for
various asymptotic conditions.
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Appendix A: EQCA and Linearization of the Field Equations
In this Appendix, we linearize the field equations of f
(
Rµναβ
)
theory and show that they are
equal to the linearized field equations of a quadratic curvature theory with specific parameters
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given in (117), (121), and (122). To lay out the setting for linearization, first recall that the field
equations of a f
(
Rµναβ
)
theory is
1
2
(
gνρ∇λ∇σ − gνσ∇λ∇ρ
) ∂f
∂Rµλρσ
− 12
(
gµρ∇λ∇σ − gµσ∇λ∇ρ
) ∂f
∂Rλνρσ
−12
(
∂f
∂Rµλρσ
R λρσ ν −
∂f
∂Rλνρσ
R λρσ µ
)
− 12gµνf
(
Rµναβ
)
= 0. (A1)
Then, for maximally symmetric spacetimes, (A1) reduces to (103), that is
− 2
κl
R¯µν + g¯µν f¯ = 0, (A2)
where κl and f¯ have the definitions[
∂f
∂Rµνρσ
]
g¯
=: 1
κl
δ[ρµ δ
σ]
ν , f¯ := f
(
R¯αβρσ
)
, (A3)
respectively.
With this setting, we aim to linearize (A1) in the metric perturbation hµν := gµν − g¯µν where
g¯µν represents the (A)dS background that solves (A2). The linearization of the last term in (A1)
is relatively simple and one has
[
gµνf
(
Rµναβ
)]
(1)
= hµν f¯ + g¯µν
[
∂f
∂Rαβρσ
]
g¯
(
Rαβρσ
)
(1)
= hµν f¯ +
1
κl
g¯µνR(1). (A4)
Now, let us move to the first term in the second line of (A1) which can be linearized as(
∂f
∂Rµλρσ
R λρσ ν
)
(1)
=
[
∂2f
∂Rηθατ∂R
µλ
ρσ
]
g¯
(
Rηθατ
)
(1)
R¯ λρσ ν +
[
∂f
∂Rµλρσ
]
g¯
(
R λρσ ν
)
(1)
. (A5)
Using (104) and (118), that are
R¯µνρσ =
2Λ
(n− 1) (n− 2)
(
δµρ δ
ν
σ − δµσδνρ
)
, (A6)
and [
∂2f
∂Rηθατ∂R
µλ
ρσ
]
g¯
= 2αδ[αη δ
τ ]
θ δ
[ρ
µ δ
σ]
λ + β
(
δα[ηδ
[ρ
θ]δ
|τ |
[µ δ
σ]
λ] − δτ[ηδ
[ρ
θ]δ
|α|
[µ δ
σ]
λ]
)
+ 12γδ[αη δτθ δρµδ
σ]
λ , (A7)
respectively, (A5) takes the final form(
∂f
∂Rµλρσ
R λρσ ν
)
(1)
=−
(
α
4Λ
(n− 2) + β
nΛ
(n− 1) (n− 2)
)
R(1)g¯µν
+
(
γ
8Λ (n− 3)
(n− 1) (n− 2) − β
2Λ
n− 1
)(
R(1)µν −
1
2 g¯µνR(1) −
2Λ
n− 2hµν
)
− 1
κl
R(1)µν . (A8)
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Afterwards, let us turn to the first term in (A1), that is gνρ∇λ∇σ ∂f
∂Rµλρσ
, and the first step in its
linearization is(
gνρ∇λ∇σ ∂f
∂Rµλρσ
)
(1)
= g¯νρg¯λβ
(
∇β∇σ ∂f
∂Rµλρσ
)
(1)
+
(
gνρg
λβ
)
(1)
(
∇β∇σ ∂f
∂Rµλρσ
)
g¯
, (A9)
where the second term is zero since
(
∂f/∂Rµλρσ
)
g¯
is a four tensor that is composed of two background
metrics as g¯g¯ for the AdS background, and then the metric compatibility reduce
(
∇β∇σ∂f/∂Rµλρσ
)
g¯
to zero. To linearize the term
(
∇β∇σ∂f/∂Rµλρσ
)
(1)
, remember the linearization of the covariant
derivative of a vector as
(∇µAν)(1) = ∇¯µAν(1) +
(
Γνµρ
)
(1)
A¯ν , (A10)
where the barred quantities represent the background values as usual and
(
Γνµρ
)
(1)
is the linearized
Christoffel connection whose specific form is not important for our purposes as it would be clear
with the below calculations. Using (A10), the first step in the linearization of
(
∇β∇σ∂f/∂Rµλρσ
)
(1)
is (
∇β∇σ ∂f
∂Rµλρσ
)
(1)
=∇¯β
(
∇σ ∂f
∂Rµλρσ
)
(1)
+
(
Γρβα
)
(1)
(
∇σ ∂f
∂Rµλασ
)
g¯
−
(
Γαβµ
)
(1)
(
∇σ ∂f
∂Rαλρσ
)
g¯
−
(
Γαβλ
)
(1)
(
∇σ ∂f
∂Rµαρσ
)
g¯
, (A11)
where the last three terms are zero for AdS background due to metric compatibility, and the first
term ∇σ∂f/∂Rµλρσ can be linearized as(
∇σ ∂f
∂Rµλρσ
)
(1)
=∇¯σ
(
∂f
∂Rµλρσ
)
(1)
+ (Γρσα)(1)
(
∂f
∂Rµλασ
)
g¯
+ (Γσσα)(1)
(
∂f
∂Rµλρα
)
g¯
−
(
Γασµ
)
(1)
(
∂f
∂Rαλρσ
)
g¯
− (Γασλ)(1)
(
∂f
∂Rµαρσ
)
g¯
. (A12)
Note that the second term drops out since a term symmetric in αand σ is multiplied a term
antisymmetric in the same indices. The last three terms also reduce to zero altogether by using
the definition of κl in (A3) as
(Γσσα)(1)
(
∂f
∂Rµλρα
)
g¯
−
(
Γασµ
)
(1)
(
∂f
∂Rαλρσ
)
g¯
− (Γασλ)(1)
(
∂f
∂Rµαρσ
)
g¯
= 1
κl
[
(Γσσα)(1) δ
[ρ
µ δ
α]
λ −
(
Γασµ
)
(1)
δ[ρα δ
σ]
λ − (Γασλ)(1) δ[ρµ δσ]α
]
= 1
κl
(
Γασβ
)
(1)
(
δρ[µδ
σ
λ]δ
β
α + δ
ρ
[λδ
σ
α]δ
β
µ + δ
ρ
[αδ
σ
µ]δ
β
λ
)
= 1
κl
(
Γασβ
)
(1)
(
δ[ρµ δ
σ
λδ
β]
α
)
=0. (A13)
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Lastly, ∂f/∂Rµλρσ appearing in (A12) can be linearized by using (A7) as(
∂f
∂Rµλρσ
)
(1)
=
[
∂2f
∂Rηθατ∂R
µλ
ρσ
]
g¯
(
Rηθατ
)
(1)
=2αδ[ρµ δ
σ]
λ R(1) + 2βδ
[ρ
θ δ
|τ |
[µ δ
σ]
λ]
(
Rθτ
)
(1)
+ 2γδ[ρµ δ
σ]
λ R(1) − 8γδ[ρθ δ|τ |[µ δ
σ]
λ]
(
Rθτ
)
(1)
+ 2γδ[ρη δ
σ]
θ
(
Rηθµλ
)
(1)
. (A14)
Putting all these results step by step back into (A9) yields(
gνρ∇λ∇σ ∂f
∂Rµλρσ
)
L
=g¯νρg¯λβ∇¯β∇¯σ
[
2αδ[ρµ δ
σ]
λ R(1) + 2βδ
[ρ
θ δ
|τ |
[µ δ
σ]
λ]
(
Rθτ
)
(1)
]
+ g¯νρg¯λβ∇¯β∇¯σ
[
2γδ[ρµ δ
σ]
λ R(1) − 8γδ[ρθ δ|τ |[µ δ
σ]
λ]
(
Rθτ
)
(1)
+ 2γδ[ρη δ
σ]
θ
(
Rηθµλ
)
(1)
]
,
(A15)
which reduces to(
gνρ∇λ∇σ ∂f
∂Rµλρσ
)
(1)
=α
(
g¯µν∇¯λ∇¯λR(1) − ∇¯ν∇¯µR(1)
)
+ β2
[
g¯νρ∇¯λ∇¯λ
(
Rρµ
)
(1)
− g¯νρ∇¯λ∇¯µ
(
Rρλ
)
(1)
− ∇¯ν∇¯σ
(
Rσµ
)
(1)
+ g¯µν∇¯λ∇¯σ (Rσλ)(1)
]
+ γ
[
g¯µν∇¯λ∇¯λR(1) − 2g¯νρ∇¯σ∇¯σ
(
Rρµ
)
(1)
+ 2g¯νρ∇¯λ∇¯µ
(
Rρλ
)
(1) + 2g¯νρ∇¯λ∇¯σ
(
Rρσµλ
)
(1)
]
− γ
[
∇¯ν∇¯µR(1) − 2∇¯ν∇¯σ
(
Rσµ
)
(1)
+ 2g¯µν∇¯λ∇¯σ (Rσλ)(1)
]
. (A16)
With this result, the linearization of gνρ∇λ∇σ∂f/∂Rµλρσ is achieved.
However, this result cannot be readily used since several terms in the result are not in a form
that comply with the forms appearing in the linearized field equation of the quadratic curvature
gravity in (86), that is (1
κ
+ 4Λn
n− 2α+
4Λ
n− 1β +
4Λ (n− 3) (n− 4)
(n− 1) (n− 2) γ
)
G(1)µν
+ (2α+ β)
(
g¯µν¯− ∇¯µ∇¯ν + 2Λ
n− 2 g¯µν
)
R(1) + β
(
¯G(1)µν −
2Λ
n− 1 g¯µνR(1)
)
= Tµν . (A17)
To put the terms appearing in (A16) into the desired forms, first note that
(
Rρµ
)
(1)
can be written
in terms of R(1)µα as (
Rρµ
)
(1)
= (gραRµα)(1) = g¯
ραR(1)µα −
2Λ
n− 2h
ρ
µ, (A18)
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and from the linearized Bianchi identity ∇¯µGLµν = 0, the term ∇¯µ (Rµν )(1) becomes simply
∇¯µ (Rµν )(1) =
1
2∇¯νR(1). (A19)
Using these in (A16) yields(
gνρ∇λ∇σ ∂f
∂Rµλρσ
)
(1)
=α
(
g¯µν¯R(1) − ∇¯µ∇¯νR(1)
)
+ β2
[
¯G(1)µν − g¯νρ∇¯λ∇¯µ
(
Rρλ
)
(1) −
1
2∇¯ν∇¯µR(1) + g¯µν¯R(1)
]
+ γ
[
−2g¯νρ¯
(
Rρµ
)
(1)
+ 2g¯νρ∇¯λ∇¯µ
(
Rρλ
)
(1) + 2g¯νρ∇¯λ∇¯σ
(
Rρσµλ
)
(1)
]
,
(A20)
where g¯νρ∇¯λ∇¯µ
(
Rρλ
)
(1) and g¯νρ∇¯λ∇¯σ
(
Rρσµλ
)
(1)
are the remaining terms which must be rewritten
in terms of R(1), G(1)µν , and their derivatives. Note that the first two terms in the γ parenthesis are
kept in the up-down indexed Ricci tensor form since in this form the last term g¯νρ∇¯λ∇¯σ
(
Rρσµλ
)
(1)
will yield an immediate cancellation as shown below. For the term g¯νρ∇¯λ∇¯µ
(
Rρλ
)
(1) , changing the
order of derivatives, using the linearized Bianchi identity, and rearranging the terms yield
g¯νρ∇¯λ∇¯µ
(
Rρλ
)
(1) =
1
2∇¯µ∇¯νR(1) +
2nΛ
(n− 1) (n− 2)G
(1)
µν +
Λ
n− 1 g¯µνR(1). (A21)
To rewrite the term g¯νρ∇¯λ∇¯σ
(
Rρσµλ
)
(1)
, note that ∇λ∇σRρσµλ can be written in terms of the deriva-
tives of the Ricci tensor by taking the covariant derivative of the once-contracted Bianchi identity
∇νRµανβ = ∇µRαβ −∇αRµβ, (A22)
as
∇µ∇νRνβµα = Rβα −∇µ∇αRβµ. (A23)
Then, linearization of this equation yields
∇¯µ∇¯ν
(
Rνβµα
)
(1)
= ¯
(
Rβα
)
(1)
− ∇¯µ∇¯α
(
Rβµ
)
(1)
, (A24)
where the right-hand-side terms matches with the first two terms of the γ parenthesis in (A20).
Now, we can write the final form of the linearization of gνρ∇λ∇σ∂f/∂Rµλρσ which becomes(
gνρ∇λ∇σ ∂f
∂Rµλρσ
)
(1)
=(2α+ β)2
(
g¯µν¯R(1) − ∇¯µ∇¯νR(1)
)
+ β2 ¯G
(1)
µν
− β2
( 2nΛ
(n− 1) (n− 2)G
(1)
µν +
Λ
n− 1 g¯µνR(1)
)
, (A25)
where all the terms on the right-hand side matches with the ones appearing in (A17) and notice
that γ term drops out in the final form.
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We finished the linearization of every key component appearing in the field equations of the
f
(
Rµναβ
)
theory given in (A1) and we can write the linearized form of this field equation. To do
this, observe that the first line of (A1) can be written as
1
2
(
gνρ∇λ∇σ − gνσ∇λ∇ρ
) ∂f
∂Rµλρσ
− 12
(
gµρ∇λ∇σ − gµσ∇λ∇ρ
) ∂f
∂Rλνρσ
=gνρ∇λ∇σ ∂f
∂Rµλρσ
+ gµσ∇λ∇ρ ∂f
∂Rλνρσ
, (A26)
where on the left-hand side, only the antisymmetry of ∂f/∂Rλνρσ in ρ and σ is made explicit. In
addition, the right-hand side only represents the symmetry in µ and ν, and note that (A25) is
already symmetric in µ and ν. Thus,
(
gνρ∇λ∇σ∂f/∂Rµλρσ
)
(1)
represents the contribution coming
from the first two terms in the first line of (A1), and the last two terms in the first line of (A1)
also yield the same (µ, ν)-symmetric contribution as
(
gνρ∇λ∇σ∂f/∂Rµλρσ
)
(1)
. Furthermore, observe
that the first two terms in the second line of (A1) is only a representation of µ and ν symmetry,
and (A8) is already symmetric in µ and ν. Thus, the first two terms in the second line of (A1)
have the same linearized form given in (A8). With these observations, the linearized field equation
of the f
(
Rµναβ
)
theory can be found as( 1
κl
− β 2Λ(n− 1) (n− 2) − γ
4Λ (n− 3)
(n− 1) (n− 2)
)
G(1)µν
+ (2α+ β)
(
g¯µν¯− ∇¯µ∇¯ν + 2Λ
n− 2 g¯µν
)
R(1) + β
(
¯G(1)µν −
2Λ
n− 1 g¯µνR(1)
)
= 0, (A27)
where we also used the background field equation (A2) to remove a term involving hµν as the
tensor structure.
Notice that (A27) matches with the linearized field equation of the quadratic curvature theory
restated in (A17) except the coefficient of G(1)µν . Thus, the linearized field equation of the f
(
Rµναβ
)
theory is the same as the linearized field equation of the quadratic curvature gravity defined with
the Lagrangian density
L = 1
κ˜
(
R− 2Λ˜0
)
+ αR2 + βRλσRσλ + γχGB, (A28)
where κ˜ must satisfy (121), that is
1
κ˜
= 1
κl
− 4Λ
n− 2
(
nα+ β + γ (n− 2) (n− 3)(n− 1)
)
, (A29)
to yield the same coefficient appearing in (A27).
Finally, let us discuss the fine point related to the equivalence of the linearized field equations of
the f
(
Rµναβ
)
theory and the quadratic curvature gravity (A28): the effective cosmological constant
Λ appearing in both linearized field equations must satisfy the same field equation, that is both
theories must have the same vacua. To achieve this, Λ˜0 needs to be defined as (122), that is
Λ˜0
κ˜
= −12 f¯ +
(
nΛ
n− 2
) 1
κl
− 2Λ
2n
(n− 2)2
(
nα+ β + γ (n− 2) (n− 3)(n− 1)
)
, (A30)
for which the vacuum field equation of (A28) given as
Λ− Λ˜0
2κ˜ + Λ
2
(
(nα+ β) (n− 4)
(n− 2)2 + γ
(n− 3) (n− 4)
(n− 1) (n− 2)
)
= 0, (A31)
reduces to (A2).
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Appendix B: Procedure of obtaining equations (331)-(336)
Here we present the procedure of arriving at equations (331)-(336). Let’s start by introducing
the following identity
R(Ω) = e× S, (B1)
where Sµν is the 3D Schouten tensor (293). By taking the Hodge star (B1), one can easily check
the identity (B1). By substituting (327) and (328) into (B1), one can write the dual curvature
2-form as
Ra(Ω) = ζ
2
2l2
(3
4 − ν
2
)
εabce
b ∧ ec − ζ
2
l4
(
1− ν2
)
εabce
b
νJ
cJνdx
µ ∧ dxν . (B2)
The action of the Hodge star ? on a 2-form C = Cµνdxµ ∧ dxν is given by ?C = λµνCµνdxλ,
therefore
? Ra(Ω) = ζ
2
4l2 e
a − ζ
2
l4
(
1− ν2
)
JaJµdx
µ. (B3)
Consider the following two Lorentz vector valued 1-forms
Aaµ =a1eaµ + a2JaJµ,
Baµ =b1eaµ + b2JaJµ.
(B4)
The Hodge dual of (A×B)a becomes
? (A×B)a = −
[
2a1b1 + l2 (a1b2 + a2b1)
]
ea + (a1b2 + a2b1) JaJµdxµ. (B5)
One can use (228) to show
D(Ω)Aa = eaλ∇ˆµAνλdxµ ∧ dxν , (B6)
then one has
D(Ω)Aa = 1
l
|ζ| a2eaλJααµ(νJλ)dxµ ∧ dxν (B7)
where we have used (326). The Hodge dual of (B7) is
? D(Ω)Aa = l2 |ζ| a2e
a − 32l |ζ| a2J
aJµdx
µ. (B8)
By taking the Hodge dual field equations of GMMG (312)-(314) and using equations (B3),(B5)
and (B8), one can show that equations (312)-(314) become three equations of the form of
(· · · )ea + (· · · )JaJµdxµ = 0. (B9)
By setting the coefficients of ea and JaJµdxµ to zero, we will arrive at the equations (331)-(336).
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Appendix C: Technical proof of equation (338)
By substituting (262) and (277) into (337), one has
dJξ = iξar · dEr − iξdar · Er − χξ · (dEω + ar × Er) . (C1)
where Jξ is given by (339). Since the exterior covariant derivative of a Lorentz vector valued 1-form
Aa in terms of the dual spin-connection can be written as
D(ω)A = dA+ ω ×A, (C2)
then
D(ω)ar = dar + ω × ar, (C3)
D(ω)Er = dEr + ω × Er. (C4)
By substituting (C3) and (C4) into (C1), we have
dJξ =iξar ·D(ω)Er − iξD(ω)ar · Er + iξω · ar × Er
− χξ · (D(ω)Eω + ar × Er − ω × Eω)
(C5)
This equation can be rewritten as
dJξ =iξe ·D(ω)Ee + iξω ·D(ω)Eω + iξar′ ·D(ω)Er′
− iξD(ω)e · Ee − iξD(ω)ω · Eω − iξD(ω)ar′ · Er′
+ iξω · e× Ee + iξω · ω × Eω + iξω · ar′ × Er′
− χξ ·
(
D(ω)Eω + ar
′ × Er′
)
− χξ · e× Ee
(C6)
where r′ runs over all the flavor indices except e and ω. Equations (247) and (250) imply the
following
T (ω) = D(ω)e, R(ω) = D(ω)ω − 12ω × ω. (C7)
Using (C7), one can rearrange (C6) as (338).
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